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1. (15 %) Suppose that f is a continuous function on a closed interval [a,b]. Show that f is uniformly
continuous on [a, b].

2. (20 %) Let N be the set of all natural numbers and n € N.

. a; = 2
(a) Consider a sequence {an}32, defined by { anil _ \/2—\{{__—0‘; for n > 1. Show that

lim,, o @y, exists and evaluate the limit.

1 « 1
(b) Prove the relation li_}m oy E ik = o] for any nonnegative integer k.
n-—=00
i=1

3. (15 %) (a) If ¥’ = ay, show that y = ce®® for some ¢. (b) If f(z +v) = f(z)f(y) and f is
differentiable, show that either f(z) = 0 or f(z) = €** for some a.

oo
4. (15 %) Show that ] e dg = /7.

—o

5. (15 %) Calculate

/f zdx Ady — xdy A dz,
b}

where S is the spherical cap 22 + y% + 22 = 1, > 1/2, oriented positively with respect to the
normal pointing to infinity.

6. (20 %) Prove that the function f(z,y) = e~¥"*23¥ can be expanded in a series of the form

k]

= Hp(z)
EI———, Yy

n:
n=0

that converges for all values of z and y and that the polynomials H,(z) satisfy
(a) Hn(z) is a polynomial of degree n 7
(b) H,(z) =2nH,_1(z)
(¢) Hpy1(z) — 2zH,(z) + 2nHp,_1(z) =0
(d) H!(z)—2zH}(z) +2nH,(z) =0
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