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1. (10%) A semi-infinite plate coincides with the region defined by 0 < x <
7,y 2 0. The left end is at temperature, (0, y) = e, and the right end is
held at temperature zero. The bottom of the plate is insulated. Please solve

the boundary-value problem for the stead-state temperature u(x, y).

2 sinh[s(a)]

uly) =2, [E@)]sinh[r(@)] cos(ay) da.

A)r(a) =ax
(B)s(a) =a(@-y)
(@) s(a) = a(m—x)
D) tla) = 1+ a?
EB)tla)=1+ax

2. (10%)Use the result fj; exp(—x?)dx = to find the Fourier integral
transform F(a) = fj: exp[—x?/(4p*)]exp(iax)dx = s(p)vmexp[—t(p)a?]

(A)sp)=-2p
(B) s(p) =p?
@ s =2p
(D) t(p) = 4p?
(E) t(p) = p?

3. (5%) The vertical displacement u(x,t) of an infinitely long string is
. 2%u _ 3*u N
determined from the initial-value problem a? Pyladrven The string is

released from rest from the initial displacement f(x) = exp(—x2).
u(x, t) = exp[—x2 + s(t)] cosh[r(t)x]

() s(t) = —a?t?

(B) s(t) = —2at

Q) r(t) = ~2at

D) r(t) =at

(B)r(t) = 2at

4. (10%) Consider a dynamic system with a time-varying state x(t) which
satisfies the following differential equation:
(t2=3)x" +4tx' +2x =0, t>0.
Under the conditions x(0) € (1,3) and x'(0) € (—1,1), find all possible
values of x(3) from below.
(A) -4 B)-2 (0 (D) 1/2 (E) 1 %

Hint: Use power series to solve x(t) and simplify your solution. @
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5. (10%) Solve the following initial value problem: y(0) = 1,y’(0) = 3,and
" 0 x<0
y —y=g(x)={xs x>0"
Choose from below the value of (y(—1),y(1)).
(A) (5e—4et—75e"1—4e+7)
(B) (5e—4e 1—7,2¢7"~e)
(C) Re—e,5e™ 1 —4e+7)
(D) (e —e™*,2e71 —¢)
(E) None of the above.

6. (5%) A function y(x) satisfies (y')® = 9x*y, y(0) = 0.Find all possible
values of ¥'(—2) from below.
(A) =16 (B) 0 (C) 24 (D) —32 (E) —48

7. (5%) Let X be a random integer from the set {1,2,3, ..., N}. Which of the
statements below is(are) TRUE?
(A) EX)=N/2
(B) EX=(N-1)/2
Q) Var(X) =N?%/4
(D) Var(X) = (N?-1)/4
(E) None of the above

8. (5%) A joint probability density function of X and Y is given by

1
—e7  if0<x<y<w

f6y) =149
0 elsewhere
Which of the following statements is(are) TRUE?
A) ER) =7
(B) E(Y) =17

(C) EXY) =137
(D) Cov(X,Y) = 49
(E) None of the above

9. (10%) The joint probability density function of random variable Xand Y is
given by

2
0 otherwise

Find A and the respective marginal probability density functions of Xand Y

(fx (x) and £ ().
(A) A=10
(B) fx ®) =5x(1-x%), 0<x<1

© /@ =5x%0<x<1
@ /=5y, 0=sy<1 :}%
® f ) =2y1-y 0sy<1 =)
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10. (5%) Find the expected value p and the variance ¢? of a random variable

with the probability function.

flx) = \]—%e—mz%—&x—z

Mu=7/2 (B) p=1/2 (C) 6®*=1/2 (D) 0®=1/4
(E) None of the above

11. (5%) Let X and Y be continuous random variables with joint probability
density function

3
fay)=15@+y?) if0<x<1,0<y<1
0 otherwise

3xZ+s(x,y)

Find the conditional probability function fyx(y|x) = )

(A)s(x,y) = 3y*+1
(B)s(x,y) =3x%+1
(©tlx,y) = 2x% + 2y*?
D)t(x,y) = 3y

(E) None of the above

12. (10%) Let Z be a standard normal random variable and X be an exponential
random variable with parameter A. Find the moment-generating function of
Zand X.

(B) Mz (1) = e

(B)Mz(t) = e**/?

@M@ =2/(A-1)

(D)Mx(t) = A/(A—t/2)

(E) None of the above

Hint: The probability density function of X is given by f (x) = e

13. (10%) Given a density function

—-X
FO={0 snerwise
Find A and the cumulative distribution function F(x).
(A) A=1/4
(B) 2=1/2

€ F(x) =0 ifx<0
(D) F(x) =—(x/2+ e *?+1 if x20
(B F(x)=—-(x+1e™+1 ifx=0
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