AL
#8

412
IR#E(

L)

R R S P ML B 2R EE ]

A 412

# 4 Rxg | R

"
e

1.

2.

3.

4.

St TIEREREER L R BEETHRIIHRSRE

RS MR REA -

{(4%) Let S={1, 2, 3, 4, 5, 6} and the probability p(s) = 1/6 for all s € S. Given four events

E1={1, 2, 3}, E2={2, 4}, E3={4}, and E4={2, 3, 4, 5}, which of the following statement are
correct

A.

monPR

E1 and E3 are mutually independent,
£2 and E3 are mutually independent,
E1 and E4 are mutually independent,
E2 and E4 are mutually independent, or

None of above

(4%} A and B are playing a game as follow. First, A and B pick their own numbers

uniformly from {1, 2, 3, 4, 5} and {1, 3, 8}, respectively. Assume that A’s number {say al)

is smaller than or equal B’s number {say b1}, then A gets one dollar. Whoever gets one

dollar (in this case, A) can pick a new number, say a2, for the next run using his uniform

distribution. Whoever does not get one dollar {in this case, B) will use a new number

b2=b1-al for the next run. The same rule applies to B. (Note that it is possible that both

get one dollar in the same run). Let A and B play this game for an infinite number of time,

what is the ratic of A’s money and B's money at the end of the game?

A

monw

3:5
34
5:3
5:4
Non of above

{4%) Let X1, X2, ... and Xn are independent and identical random variables with a CDF

F{x). Let Z=min{X1, X2, ..., Xn). Then the PDF of Z can be represented as

Ao {dF{x)/dx)"

B.  F{x)"'dF{x)/dx

C.  n*F{x)"*dF{x)/dx

D.  n*{1-F()1" dF(x)/dx

E. None of above
{4%) Let P{Y=y | X=x}=x"/y}*e™ for y=0, 1, 2, ........... and X is a zero mean Gausslan random
variable with variance = 1. Then E[Y] =

A 1Zm

B. 1f2m

c Vm

D. 1i/2

E. None of above
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5. {4%) The moment generating function M(s) of a Poisson random variable with mean = a
is

M(s) = ae®)

M(s) = ex&*~

M(s) = ale®(1 + &%)

M(S) = gisTs+l

None of above

m g D w

6. (8%) X is a continuous random variable and is said to be memoryless if Pr{X=t1) = Pr{X
=t1+t2 |X>12). Please find the PDF of such an X and show that it is indeed memoryless.

7. Xis arandom with a PDF such that Pr(x>x)=(x/c)"‘for all x= ¢, where cand k are both
constants. Please find the mean and variance of X (7%). Please find a random variable X
and its PDF such that X has a finite mean but an infinite variance (3%).

8. Let X have a CDF F(x) and Y=F(X). Please find the PDF of Y (4%} and calculate Pr(Y > 0.6)
(2%). I we have a uniform random variable generator, please show how to generate a

random variable Z such that Z's pdf f{Z=z} is as shown in the figure below (6%).
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9. (5% For the given equation Jf O ft-1)=Al)= I It" for M_" ! , please choose
s 0, otherwise
the correct one answer
1/2,for|t| <1/2 1/2,for fif <1 1, forjf <1
A)f()= B = (O f(H= ;
SR { 0, otherwise ®7© {0, otherwise ©s0 0, otherwise
1/2
D) f()= L, for |t| < . ; (E)None of the abave.
0, otherwise

10. (5%) You can expand the function defined by f(x)=x*+3,0<x <3 in a Fourier
series, a cosine series or a sine series. Please choose the correct answers

{A) f16)=3 for sine series; (B}3)=12 for cosine series; {C) £0)=3 for Fourier series;

(D)(-1)=4 for Fourier series; (D){-3)=12 for cosine series.

11, (5%) Solve the initial value problem: '

O for0<t<nmw
"i" = f, 0 =5: hl'e )= ; '
y+y = f(#),¥(0) =5, where f() {3(;03(1), fort=m

Please choose the correct answers

(A)yt)y=5e",0<t<m; (B)y{t)=5¢" +%e"'*”’,0 <t<m,

(C) y(t)y = 5¢™ +%e""”"’ +—;-sin(t + E)+%COS(2‘ AT 2T

DYy =5"+ %e{'ﬁ’” + %Sin(l‘) + %cos(t),t >,

(EB) p(t)y =5~ +%e”""”] +%sin(t ~7) +%cos(t )=

12. (15%) Please solve the differential equation (x® +2xy — y*)dx + (3" +2xy —x")dy
(a) (3%) please verify that the differential equation is exact or not.

{b) (5%) please show that the integrating factor 1(x, y) = (x + y)_2

{c) (7%) please solve the differential equation.

13. (10%) As illustrated in the Figure 13, light rays strike a plane curve C in such a
manner that all rays L parallel to the x-axis are reflected to a single point O.
(a) (5%) Assume that the angle of incidence is equal to the angle of reflection,
determine a differential equation that describes the shape of the curve C.
[Hint: Please show that we can write ¢=20 firstly.]
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(1) (3%) Please solve the differential equation to get the function describing the

curve C,
. by
Figure 13 ;// C
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14. (10%) Tn ihe paraxial approximation, the light ray trajectory is almost parallef (o

the z-axis. The light ray equation can be expressed as

C—{ (n afVJ = ﬂ, —fi (n‘g{J E= @ wheve 11 = #(x,,z) is the refractiveindex.
dz\ dz) dv dz\ dz) dx

{a) (2% In a homogeneous medium where # is independent of x, . z, please show

that the light ray trajectory is a straight line,

(b)Y {B%s) Let a light ray be incident into a slab graded index medium, in which
a=n{l-a’y)withe’ v << |, aposttion p = ¥, and with an incidence

(!1 . . . . .
angle -1’_ = @J,. Please show that with appropriate approximalion the light ray
oz

trajectory is 4 periodic function as in Figure 4 and find the period.

Figure 14
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