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1. {20%) Label the foilowing statemeunis as heing true or false. (No ezplanation is
neaded. Fach correct answer gets 2% und ench wrong answer gels 0%}

{a) 1f the reduced row echelon form of A b| contains a zero vow, then Ax = b
hag infinitely many solutions.

(b) A function [rom R* t¢ R™ is uniquely determined by its images ol the stan-
dard vectors in R,

{(e) Let A be an m xn matrix. Then the rank of A is ¢ if and only if the equation
Ax = b has at most cne solution for each b in R™.

(d) Let A, B and € be any matrices such that the product ABC is defined. Theu
rank (ASC) < rank B,

(e) Let A=|ayay ... ayl bea squate matrix and b be a linear combination of
ay, ag, ..., ay. Then dei 4 = detfa, +~ b ag az ... a,]

(£} MV and W are subspaces of R® having the same dimnension, then V = W.

(g) Every column ol A can be uniguely expressed as a lincar combination of the
pivot columns of A,

(h) Tet ¥V be a subspace of R® and W be its orthogonal complement. f v is a
vecior in Voand wois a vector in W, then vew =0,

(i} Let S be a set containing n lincarly independent eigenvectors of an n x n
symmetrie matrix. Then § forms an erthogonat basis fov R™.

(1) A matrix representation of a linear operator on M.y, is an m X 0 matrix.

2. Let A be the 3 x 3 matrix defined below. (a) (6%) Find the eigenvalues of A, and
(b) (9%) find an orthonormal basis for R? consisting of eigenvectors of A.

4 2 2
A=

N

2 2
2 4

3. Let 7" he a linear operator on Py defined by

T(f(=)) = H0) + Fz) + F(=) + £(1)22

(a) (5%) Find |T|g, where B is the standard basis for Py. (b) (10%) For f{z) =
@o + a1z + ao2%, find T (f(z)).
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4. {4%]}Let5={1, 2, 3, 4, 5, 6} and the probahility pls) = 1/6 for all s € S. Given four events

£1={4, 2, 3}, E2={2, 4}, E3={4}, and E4={2, 3,4, 5}, which of the following statement are
correct

E1 and E3 are mutually independent,

E2 and E2 are mutually independent,

£1 and E4 are mutually independent,

E2 and E4 are mutually independent, or

mon®

None of above

{4%) A and B are playing a game as follow. First, A and 8 pick their own numbers
uniformly from {1, 2, 3, 4, 5} and {1, 3, 8}, respectively. Assume that A’s number (say ai1)

is smaller than or equal 8% number {say b1}, then A gets one dollar. Whoever gets one
doliar {in this case, A} can pick a new number, say a2, for the next run using his uniform
distribution. Whoever does not get one dollar (in this case, B} will use a new number
ba=b1-al for the next run. The same rule applies to B. (Note that it is possible that both
get one dollar in the same run). Let A and B play this game for an infinite number of time,

what is the ratio of A's money and B’s money at the end of the game?

A, 35
8. 34
C. 53
b, 54
E. Nonofabove

{4%) Let X1, X2, ... and Xn are independent and identical random variables with a CDF
F(x). Let Z=min(X1, X2, ..., Xn}. Then the PDF of Z can be represented as
A (dF(x)/dx)"
F{x}"dF{x)/dx
n*F(x) "'dF{x)/dx
n*[1-F{x)) " dF{x)/dx

None of above

moDo oW

(4%} Let P(Y=y|X=x}=x"/yl*e™ for y=0, 1, 2, .......... and X is a zero mean Gaussian random
variable with variance = 1. Then E[Y] =

V2m

1/2n

VZn

i/2

None of above
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8. {4%) The moment generating function M(s) of a Poisson random variable with mean=a

10.

11,

is

mo N P

M(s) = qed®

M(s) = (e D
M(s) = ale®*(1 + &%)
M(s) = ests+l

None of above

(8%) X is & continuous random variable and is said to be memoryless If Pr{X=t1} = Pr{X

=t1+12 | X>t2), Piease find the PDF of such an X and show that it is indeed memoryless.

X is a random with a PDF such that Pr{X>x)=(x/c)*for all x= ¢, where ¢ and k are both

constants. Please find the mean and varlance of X (7%). Please find a random variable X

and its PDF such that X has a finite mean but an infinite variance {3%).

Let X have a CDF F{x) and Y=F(X). Please find the PDF of ¥ (4%) and calculate Pr{¥ > 0.6)

{2%}. If we have a uniform random variable generator, please show how to generate a

random variable Z such that Z's pdf f(Z=z} is as shown in the figure below (6%).
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