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Problem 1. Matrix problem [25 %]

=g
[l

Given the square matrix

X AR FRARELEFAEL BREAAZZFGRLAR -
a) Find the eigenvalues of A

-5 9
-6 10
b) Find the eigenvectors of A
¢) Diagonalize matrix A, i.e. find matrices P and D such that A=PDP~, and find A™
d)Find e®
e) Find cosA

Problem 2. Gauss theorem and Green formulas [25 %]
Consider a volume ¥4 ,-its bounding surface S, and associated unit outward normal vector n,

and let F be a differentiable vector field.
) Find the integrand J such that [[[ 7% = J’L F.ndS

b) Use your result from a) to derive Green’s second formula
' - By _ o¢
[ll.eay ~yaprar= [[ -y a8
where yand ¢ are twice differentiable functions, and A= V.Vv=v?
c)Let ¢= Zl-—-l- , F=qfx"+y* +27% , such that Ag=—&, where & =Dirac delta function,
v

and let # besuchthat Ay =0. Use your result from b) to derive Green’s third formula

S ([pllow_ 1ol
w(x,y,2) = H:[am ron 4 an(r]"”]ds

Problem 3. Initial value problem [25 %]
Consider the linear systém of ordinary differential equations
e
dt\ y(1) ¥
subject to initial conditions »(0)=1, p(0)=-1.
Find x(), (), tz0,when

2 0
) A=[o 1J

b) A=

L)

0 -1
© A=[1 o]
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Problem 4. Boundary value problem [25 %]
Groundwater flow in a horizontal leaky aquifer is governed by two simultaneous first order

ordinary differential equations (ODEs) forming the system:

.-.K.@:q
w & 0]
X o wEH-B
dr

where A{x)= groundwater pressure héad, g{x)= horizontal groundwater flow rate, and

where k, K, and H are constants taking the following values:
k=1, K=100, H=2
a) Transform the system (*) into a single second order ODE for unknown A(x).
b) Find the general solution, i.e. find the most general finctions A{x), g(x) which satisfy

system (¥).
¢) Solve system (*) on domain 0 <x <5 under the external boundary conditions
MOY=3, A(5)=1
d} Solve system (¥) on domain —w<x<0 W 0<x <o under the internal and external
boundary conditions

h(0)=1: }_i)lgh(x)=}_‘)1ah(x)=[{=2,

€) Draw (plot} your solutions to questions ¢) and d).
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