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1. (5%) Which of the following are equivalent to p — ¢?

(a) pVvyq
(b) =p = ¢
() g—=p
(d) ~¢—-p

(e) ~¢—p

2. (5%) The maximum flow from node 12 to node 1 of the following network is

3. (10%) Simplify -7, (7)2¢:
4. (10%) The Euler function ¢(120) =
5. (10%) The number of nonnegative integer solutions of
T+t =1
where 1 <@y <ay < <, <7is

6. (10%) Solve the recurrence equation a, = 2 x -1 + 3" with ag = 2 for a,,.
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7. (10%) Alice writes down the following function f in her email to Bob and claims

that f is an inner-product function for the vector space consisting of all 2 x 2

complex matrices:

FIXY) = te(XY).

Specifically. for any 2 x 2 matrices X and Y whose elements are complex numbers,

the value of f(X.Y) is the trace of the product of X and Y.

Bob immediately

notices that there must be something wrong with Alice's email. What can be the

possible reason or reasons for Bob's observation?

(a)

Bob notices that f has this nice property that f(X.Y) = f(Y. X) holds for
all X and Y. This nice property prevents f from being a legal inner-product
function for a vector space over complex numbers.

Bob notices that there are X and Y such that f(X.Y) is a complex munber.

Since inner-product functions are defined to measure distances. lengths. and
areas, the values of f(X,Y") are not allowed to be complex numbers.

In order for f to be a legal inmer-product function. for any matrix Y. the
function ¢y (X) = f(X.Y) has to be a linear function. Bob notices that there
is a matrix ¥ such that gy- is not linear.
In order for f to be a legal inner-product function. for any matrix X, the
function hy(Y) = f(X.Y) has to be a linear function. Bob notices that there
is a matrix X such that hy is not linear.

8. (10%) Let

-1 1 3 -1 40
I 0 -1 2 1
-2 1 4 -1 3

What is the maximum rank of all 5 x 5 real matrices B such that AB is the 4 x 5

zero matrix?

9. (10%) What is the sum of the eigenvalues of the following matrix?

2 0 =2 0
6 2 0 =2
-2 0 2 0
0 -2 0 2
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10. (10%) Consider the vector space V7 over real numbers that is spanned by three 2 x 2

matrices 4,. 4y, and Ay, where

7 - 305 -1 =9
4, = ro=1 4, = ’ A) cand Ay = ‘
2 —6 -1 1 5 -1

B, = ! 3 -1 mdB*—l— -2 02
FTava e o) T TT AL s 1)

Find a matrix By such that By, Bs. and By form an orthonormal basis of V with

Let

respect to the standard inner product for V' defined by

f @ , dy dy == cydy + eody + eady + cydy.
C3 g dy dy

11. (10%) Let V be the vector space consisting of all 2 x 2 real matrices. Let 8 be the
standard ordered basis consisting of 8;....,8; in that order. where

10 01 00 00
= . — s g = ‘{ o .
b (o o) % (0 o) & (1 0) & (0 1)

The function f defined hy
FIXY) = tr(X) - tr(Y)

for any matrices X and ¥ in V is known to be in bilinear form. What is the matrix
representation of the function f in bilinear form with respect to the ordered basis
B7 (The answer is a 4 x 4 real matrix. That is why vou need a larger cell for this
problem in the table for your answers ou the first page of your answer sheet.)
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