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In this exam, without specifying, all matrices are real-valued. R denotes the set of all real numbers,
and B" denotes the n-dimensional Euclidean space. Mayxn(R) and My (C) denote the collections
of all real-valued and complex-valued m x n matrices, respectively. For a matrix A, A;; denotes its
(i,)-th entry. For a vector z, z; denotes its i-th entry. I, denotes the n x n identity matrix. ]

denotes v —1.

—~ BiEM  BEERN TEEF, RARBEFAEL (1, 2., .., 10.) °
S84 =188 o For each of the following statements, please determine whether it is
(A) true, (B) false, or (C) uncertain (insufficient information to determine). If the
statement is sometimes true and sometimes false, you should choose (C).

1. (5%) Let A and B be two n x n symmetric matrices, n > 1.
Then, rank{AB) = rank(BA).

2. (5%) Let A and B be two matrices such that the matrix product AB is well defined.
Then, rank(AB) > rank(4) and rank(AB) > rank(B).

3. {5%) Let A be a n x m matrix, n > m > 1, and rank(A) = m.
Then, there does not exist any m X n matrix B such that BA = I,.

4. (5%) Let A be a n X n invertible matrix, n > 1. Let v be an eigenvector of A.
Then, v is also an eigenvector of A1,

5. (5%) Let A, B be n X n matrices, n > 1, and A be an eigenvalue of the matrix product AB.
Then, A is also an eigenvalue of the matrix product BA.

6. (5%) Let A be a n x n symmetric matrix, n > 1, and A be an eigenvalue of A.
Then, A is a real number.

7. (5%) Let A be a n x n skew-symmetric matrix, n > 1, that is, A" = —A.
Then, det(A4) > 0.

8. (5%) Consider a system of linear equations Az = b, where A is a 2 x 3 matrix, z isa 3 x 1
column vector, and b is a 2 x 1 column vector. Let A;; #0,Vi=1,2, j = 1,2,3. In other
words, all entries of A are non-zero.

Then, it is impossible to uniquely determine z; from the above system of linear equations.

9. (5%) Let S; and S, be subspaces of R* and § = 81 + Sy, the sum of the two subspaces. Let
D; = 8\ S,, the set of elements in S but not in Ss.

Then, D; is also a subspace, and its dimension dim(D;) = dim(S;).

10. (5%) Let S be a subspace of R*, n > 1. Let dim(S) = m, 1 <m < n. Let A be a nxn diagonal
matrix with positive diagonal entries, but not all entries are equal. Consider the following set:

T={z|z"Au=0, Vu e S}

Then, T is also a subspaée, and its dimension dim(’l"') =mn-m.
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BB HEAEN TEEF ) REREAES (11, 12, .., 15.) °

SBEMAEMER > YA - RREER - FEH—EHF 12 5 BEHERF -1 & (6lF)
MR AR 0 4o bl EHERA (A)(B) 2% (A)(C)(D) HMBHA 2+ (—1) +
D4+ (-1)+2=14; 2% (C)B) » BMENH (—1)+ (1) + (-1 +2+(-1)=-2 % -

11.

12.

(10%) Consider a matrix
1 -5 2 -1
-1 1 -5 2
M= 2 -1 1 -=5{° (1

-5 2 -1 1

Which of the following is an eigenvalue of this matrix M?

(A)1 (B)-3 (©)9 (D) ~-1+2j (E)-1+4
(10%) Consider the matrix M in (f). It is known that M has four distinct eigenvalues, and let

us denote the four corresponding cigenvectors as vV, v, v ),

Which of the following matrices also has {v®,v®, 4@ v} as its eigenvectors?

1 0 00 [1 2 3 4 12 3 4
_ 0100 2 3 41 41 2 3
(A)0010 03)3412 (0)3412
0 001 4 1 2 3 2 3 41
1 -1 -1 1 1 -1 1 -1
1 1 -1 -1 11 1 1
(D) -1 1 1 -1 (E) 1 -1 -1 1
-1 -1 1 1 11 -1 -1

13.

14.

(10%) Consider the subspace S = span(B) spanned by the following elements in the vector
space Maya(C):
11 -1 -1 -1 1
s={[ 2[5 A ®
Which of the following does not belong to 87
1 -1 1 —1 10 1—5 3 0 -1
w3l @f 3 of ) o)) ) ]

(10%) Let S = span(B3) be a subspace of the vector space Max2(C) and B is defined as in (3).
Consider the following mappings:

Ty 8 = MaalC), X = Ti(X) = || 11 X

] 1- 1
Tz : S — ngg(C), X Tz(X) =X {:1 ]:1

1 1] 11
.T3 : S~ szz(C), X = T3(X) = 11 X l:l ]}

Choose the correct statement(s) from the following.
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(A) Both Ty and T3 are linear transforms from S to Max2(C).

(B) T3 is a linear transform from S to Ma,2(C).

(C) The range of T} is a subspace of Max2(C) and its dimension is 2.
(D) The range of T} is a subspace of Max2(C) and its dimension is 2.
(E) The range of T} is a subspace of Mayo(C) and its dimension is 2.

15. (10%) For n > 1, let S, denote the set of all symmetric matrices and 7, denote the set of all
skew-symmetric matrices, that is, T, = {A ] 4 is a n X n matrix such that AT = —A}. Let U
be a n x n matrix such that UTU = I,. Furthermore, let

Wy = {M | M is a n x n matrix such that UTMU is a diagonal matrix}.
For a nxn matrix A, let Ay denote the unique matrix B in Wy such that 37—y 37 (A;;—Bi )’
is minimized.
Choose the correct statement(s) from the following.
(A) S, is a subspace of M,y (R) and its dimension is n.

(B) 7. is a subspace of M,x,(R) and its dimension is 7.
(C) Wy is a subspace of Myxn(R) and its dimension is n.

(D) Let
1 8 2 1
Uz{i lz} and A:[l 2}
2 2
Then, the first diagonal entry of UT Ay U is 2 + ,/Tg

(E) Let
{ﬁ V2 0 1
U= }2" \/g and A= [_1 0}

L2 2
Then, the second diagonal entry of UT Ayl is 0.
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