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Instructions.

¢ There are two problems in two pages. _
e Ina problem, if an exercise depends on the conclusions of other exercises that precede

it, you may assume these conclusions without solving them.

Problem 1 (80 points). Let m and 1 be two positive integers. The C-vector space of matrices of
size m X n with coefficients in C is denoted by My, ,(C). We also set M,(C) = Mp 4 (C).
The aim of this problem is to prove the following statement.

Theorem. Let m, n and r be positive integers withr < m < n. Let V C My, »(C) be a C-linear subspace.
Assume that every matrix A in V satisfies rank A < 7. Then

dimV < nr.

{1) Show that it suffices to prove the theorem for m = n.
(2) Assume that m = n. Show that we can assume that V contains the block matrix

, I 0
R=|"
0 0

where [, is the identity matrix of rank .

From now on, we assume that m =n,and thatRe V.

(3) Let
My M
M= 11 12 eV
My Mp

be a block matrix in V with My; € M,(C). Show that
My =0 and MyuMp =0,
(Hint: you may consider the (r + 1) X (r + 1) minors of M +1R forte C.)

(4) Let ,
A A Bi; B
A= 11 12 €V, B= 11 12 eV
.A21 le G-

be two block matrices with Ay1, By € M,(C). Show that
AxnBp + BnAn =0.

(5) Let ¢ : V — M,4(C) be the map sending a matrix M € V to its first r rows. Define the
C-linear subspace

W= 0 'OEV
An 0] .

A21 € Mn—r,r(c) } c V:
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and let s = dim W. Show that
dim (V) < nr —s,
by considering the map

P W S Mea(Q)V

0 0
- Ty,
Ay O

to the dual of M, ,(C), where T4, is the linear form defined by
Ty (B11, B12) = Tr(Az B12)

for every block mairix (B, B12) € My n(C) With By1 € M,(C).
(6) Conclude that '
dimV £ nr.

(7) Show that the inequality in the theorem is optimal. More precisely, for all positive
integers m, n and r with ¥ < m < n, construct V € Mp, »{C) as in the theorem such that

dimV = nr.
Problem 2 (20 points). Let V be a nonzero vector space over a field F. Let
B:VxV-=F
be a non-degenerate symmetric bilinear form on V, and let
g:V—=F
v B(v, )]

be the associated quadratic form. For every x € F, we say that 4 represents x if g(v) = x for
some nonzerov € V. ' A
(1) Suppose that g represents 0. Show that 4 represents every element of F. (Hint: Consider
g(cv + w) with ¢ € F and some suitable w € V.}
(2) Show that B extends to a non-degenerate symmetric bilinear form on V @ F whose
associated quadratic form represents every element of F.

RS






