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1. (13 points) Suppese that Y1,...,Yy, are independent binomial {m;, p), where the m; > 1 are known
constants. Let '
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NN=52"— and Th=— —
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be estimators of p.

{la) Find the mean squared error (MSE) of T1, MSE(T}). (5 points)
(1b) Find the mean squared error (MSE) of T3, MSE(T3). (5 peints)
(1c) Which estimator is better? (3 points)

Hint: the arithmetic-geometric-harmonic mean inequality,

n ‘_E:";lzl,-

i=1

2. (28 points} Let Xj,..., X, be independent identically distributed random variables with pdf

]

f($)=m, —00 < T < 00

where the unknown parameter § > 0.
(2a) Prove that T'=Y" |

(2b} Find the Cramer Rao lower bound (CRLB) for estimating 1/8. (10 points)

log(1 + |X;) is a complete sufficient statistic. (5 points)

(2¢) Find the uniformly minimum variance unbiased estimator (UMVUE) for 8. (10 points)
Hint: Find the distribution of W = log(1 + | X|).

{2d) Find the maximum likelihood estimator (MLE) of 8. (3 points)

3. (9 points) Suppose that Yi,...,Y¥, are iid sample from a normal distribution, N(0,0?), where the
population variance o2 > 0 is unknown. Let ‘

Q= (azﬁ)z +o _ai)sz’

where Y and S? are the sample mean and sample variance, respectively. Show that the distribution of @
does not depend on o2 and use it to derive a 100(1 — a)% confidence interval for o2.

4. {10 points) Let X denote a random sample from a population 7. Suppose that T(X) is 2 UMP test of
size a € (0,1} for Hy : # = mp and H; : @ = m;, where mp and w3 are two known populations. The power
of T{X) when H; is true is denoted by 3, where 8 < 1. Find a UMP test of size 1 — 2 for Hy : # = m; and
Hy:#® = mp. .

5. (20 points) Let X1, X3,...,X, and Y1,Y3,..., ¥y, denote independent random variables from N (6, 63)
and N (82,0,), where 61,0z, 83,6, are unknown parameters.

{5a) Find an LR test for Hg : 6; = 62 and H) : 8, # 62 under the assumption that f3 = 4. (10 points)
(5b) Find an LR test for Ho : Af3 = 64 and H; : Al # 6, where A is a known constant. (10 points)

6. (20 points) Let Y denote an n x 1 multivariate normal random vector, denoted by ¥ ~ N (X 3,021,),
where X is an n X p constent matrix with rank(X) = p, 8 is a p x 1 parameter vector, and I, is the
identity matrix of order n. Find an LR test for Hy: C@ =dand H; : CB # d, where Clsanr x p
full-row-rank constant matrix, d is an r x 1 constant vector, and r < p.
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