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(a) (10%) Find the eigenvalues and corresponding eigenvectors for the following matrix A.
€4 € - Cn
A= (;-1 (;‘2 . C:.l
€1 C2 = Cp
(b) (5%) Let
-4 -6 0
A=|3 5 O]
3 3 2

Find the characteristic polynomial and eigenvalues of 4.
{¢) (5%) Continuing from (b), find, if possible, an invertible matrix P and a diagonal matrix D such that 4 = PDP!. Otherwise,

explain why 4 is not diagonalizable.

(2) Let f(x,v) = e*cos(x + y).
(a) (5%) In what direction, starting at (0, #/2), is f changing the fastest?
(b) (4%) In what direction, starting at (0, n/2}, is f changing at 50% of its maximum rate?

(c) (5%) Let ¢(t) be aflow line of F = Vf with ¢(0) = (0,7n/2). Calculate %[f(c(t))]lt_o

(3) Consider the beam-column as shownd below, where P =1 and EI = 1

-
¥ =

The differential equation can be expressed as

dty d%y
EI'&F + PW = w(x)

where w(x) is the external load.

Please answer the following questions:
(a) (6%). Use the Heaviside step function and the Dirac delta function to express the external load w(x).

(b} (4%). Show the boundary conditions in terms of y.
() (10%). If Y(s) = L{y(x)} (L is the Laplace transform), please solve Y(s).

{(4) Constider the following equation:
2x%y" +x(2x + Dy ' —y =0

(a8) (3%).1s x = 0 asingular point or a regular singular point?
{(b) (10%). If the equation has a Frobenius series solution of the form

o0
y(x)=x“2anx“, a0, 0<x <o
n=0

where a,,n = 0,1, .., are constants to be determined. Please solve all a that satisfies the solution.

AFE&




B EMASE 113 5 KM LR A A RRM

HM%: 200
#8: £ELG AR : 200
Bk 6 %2 A2 2K

(5) Consider the following three partial differential equations:
2 2 2
6j+af+a§=a (5-1)
o oyt oz
2 2 2
k o u+6 u+8 ;4 =@’ (52)
a6z ot

2 2 2 2
%)
¢t a;c+a?+a;¢ = ;‘, (5-3)
ox® o oz ot

where u is a physical property which is a function of the spatial coordinates (x, y, z) and time f, and k and ¢ are some material

properties, which are assumed to be constants.
(a) (7%) What are the names of the equations, and provide physical interpretation for each equation through a specific example.

(b) (6%) If those three equations are to be solved separately in a cubic box with unit edge length, specify the appropriate bounda
P ry

conditions for solving the equations, together with initial conditions (if any).

(6) (20%) Solve the problem as shown in the figure below. The function u (x, y) satisfies the Laplace equation within the domain
0<x<]1, 6< y<1, subjected to the boundary conditions as indicated next to the four boundaries at x =0, x = 1, y = 0 and y=1,

respectively.
Q! R
. ' ay y=t
&u 62u__
—t—s=
U, o =1 ox- oy ul =2
in0<x<1,
O0<sy<l
——
0
"|y=0 =] i
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