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1. (a) (5 points.) Let G be a group and d be a divisor of |G|. Let X
be the set of elements of order ¢ in G. Prove that the function
% : (g,x) — gzg~! defines a group action of G on X.

(b) (15 points.) Assume that G is a group of order 56 with 8 dif-
ferent Sylow 7-subgroups. Prove that there is a unique Sylow
2-subgroup and that it is isomorphic to (Z/2Z) x (Z/2Z) x
(Z]2Z).

2. (a) (10 points.) Show that Z[v/=2| := {a + bv/~2:a,b € Z}isa

Euclidean domain. |

(b) (10 points.) Find the GCD of 32 + 521/—2 and 24 + 364/—2 in
Z[V-2].

3. (20 points.) Let R be a commutative ring with 1 and M (n, R) be the
ring of n X n matrices over R. Show that every (two-sided) ideal of
M (n, R) is of the form M (n, I') for some ideal I of R. |

4. (20 points,) Let a,b € Z. Find the necessary and sufficient condi-

tions such that Q(v/a + \/5) is a cyclic extension of degree 4 over
Q. (A field extension E/F is said to be a cyclic extension if it is a
Galois extension and the Galois group is cyclic.)

5. Let f(x) be an irreducible polynomial of degree 4 over Qand o4, . . ., a4
be the zeros of f(z) in Q. Let

b1 = o100 + as0y, Bo = 03+ a0y, [z = ajo4 + asas.

(a) (10 points.) Prove that g(z) = (z — B1)(z — B2)(z — Ba) is a
- polynomial in Q[z]. That is, show that 5, + B, + B3, B182 +
B2z + P31, and B1 5253 are all in Q.
(b) (10 points.) Let E be the splitting field of f(z). Prove that
Gal(E/Q) is isomorphic to S, or A, if and only if g(z) is irre-
ducible over Q.
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