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(1) (25 points) Let A = —8 -3 § —g |- Find the Jordan canonical form of A. Compute
4 1 -2 3
exp(tA) and derive the general solution to z(t) = A z(t), where z(¢) is a 4-dimensional column

vector.

(2) (25 points) Let A and B be any nx n complex matrices. Show that exp(A)exp(B) = exp(A-+B)
if A and B commute.

Hint: You may consider the norm ||C|| = max{ |Cy;| } for C = (Cy;) € M,(C) and the remainder

term
(A +B) P AE B
By = E 2Tl
i=0 =0 k=0
{3} (25 points) Show that

Xo Xo Xo ... Xooy e
Xoo1 Xo X1 oo Xoo ~l -1
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M . : T : 3=0 k=D
X, X2 X3 ... X,

where ( is a primitive n-th root of unity.

Xo Xi Xo X3 11 1 1

_ Xy Xo X1 X, 1 ¢ ¢ ¢8
Hint: You may first compute, for example, X, Xs Xo Xi 1 ¢2 ¢4 ¢S
A Xy Xz X 1 ¢ ¢80

(4) (25 points) Let V and W be vector spaces over the same field ', and let T : V — W be a
linear transformation. Let B(V) and B(W) denote the spaces of bilinear forms on V and W

respectively. For any H € B(W), define T(H) : V x V — F by T(H)(z,y) = H(T(z),T(y)
forany z,y € V.

(i) Show that T( ) is a bilinear form on V.
(ii) Show that if T is an isomorphism, then so is T : B(W) — B(V).
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