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1. (25 peints) Enjoy the beauty of the simplex method. Let us solve the following lincar programming

problem by the simplex method without tabular forms. (Please DO NOT use tabular forms to solve it.)
Maximize z = 4x,; + 5x;
subject to
6x; +4x, <24
X+ 2%, <6
—x+ % <1
X, =2
X1,%2 = 0
(a) {5 points) Let us introduce the slack variables x3, x4, x5, Xg to constraints 1, 2, 3, and 4, respectively so

that the objective function and equations, which are called dictionary, can be written as
Xz = 24 ~ bx; ~ 4x,

x436—x1 —2x2

Xg =2 — X3

z =0+ 4x; + 5x,.
We let x3,x4,%g,Xg 1n the above dictionary be basic variables, and x; and x, be the nonbasic
variables. What is the initial feasible solution (x4, x5, X1, X4, X5, X, 2) based on the above dictionary in (a)
if both nonbasic variables are set as zero?

(b) (3 points) There are totally six variables, x4, X, X3, X4, X5, X4, With only four equations. Four out of six
variables can be expressed by the remaining two variables. For example, xy is expressed by x; and
x,. Similarly, x4, X5, x4 are expressed by x; and x; as well. Since we would like to increase z, let
us increase x; from zero. To keep the feasibility, what is the maximum value we are able to increase
the value in x;?

(c) (5 points) In (a), the current basis is composed of x3,Xxy4, X5, X. Suppose Xx; enters the basis and x5
leaves the basis. What is the dictionary at the next iteration? In other words, please complete the
followings.

xX; =7 +7x; +7 x5
Xe =7 +72x5 +7%3
X5 =7 +7x5 +7 x4
Xg =7 +7x5 +7x3

z=7 +7xy +7 X3

(d) (5 points) Following (c), if optimal, justify it. If not, what is the dictionary at the next iteration?

(e} (5 points) What is the optimal dictionary of this problem? In other words, please complete the
followings in the final dictionary.

X, =7 +7x, 472,
X =7 +7x, 47 %,
X =2 +7x%+7x
xy =7 +72 +7x

z=7 +7x +7x,
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2. (10 points) Reconsider the linear programming problem in Question 1.
Maximize z = 4x; + 5x,
subject to
6x1 + 4x, <24
X1+ 2%, <6
—x;+ x, <1
X < 23
X% 20
It turns out that the right-hand side of the fourth constraint is 3 instead of 2. In addition, somehow the
maximum number of equations the computer is able to handle is three so let us consider this problem as
follows:
Maximize z = 4x, + 5x,
subject to
6y + dx, < 24
X+ 2%, <6
—x + x <1
x =200 x, <3,
where 0 € x, < 3 can be viewed as the explicit bound on the individual variable.
(a) (5 points) Only x3, x4, x5 are introdaced as the slack variables for the first, second, and third

constraints. What is the criteria of the value of x, if x, is a nonbasic variable?
(b) (5 points) What is the optimal dictionary?

3. (15 points) Consider the following linear programming problem.
Maximize 4x; + 5x; + X3+ 3x4 — 5x5 + 8x4
subject to X —4x; +3x,+ x5+ x5<1
5x; +3x;+ x3 —Sxg+3x; < 4
4%y + 5%, = 3x3 + 3%, —dxg + x5 <4
— X +2x,+ x5—5x,<5
~2%; 4+ xXp+ Xzt Xk 2xs +2x, <7
X1, X2, X3, X4, X5, Xg = O.
{a) (5 points) Let the dual variables corresponding to the first to fifth constraints be y4, v5, V3, Va, Ve.

What is the dual problem?

(b) (10 points) Someone tells us that the optimal solutionis x; = 0,x; = 0,%5 = g'xa, = %,xs =

0,x4 = % Use the complementary slackness to obtain the value of dual variables.

4. (10 points) When one person is infected with c-virus and interacts with another one who is healthy, there
is a probability p = 0.2 to get the healthy one infected. Two people in the community are selected randomly at
any single period of time and interact with each other. Let x,, be the number of infective people at time n and
there are five people in the community. Given x; = 1, what is the mean time to infect everyone in the
community?

5. (20 points) Clients come to the local post office following a Poisson process with rate A. Each client has a
complex business to do in the post office. Assuming the complexity of the business of an individual client,
denoted as ¢, is following a uniform distribution over (0, 1). The service time of the client with complexity ¢
in the post office is a random variable with mean 5 4 3¢ and variance 4. Calculate

(a) (10 points) the average time a client spends in the post office?

(b) (10 points) the average time a client having complexity ¢ spends in the system?
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6. (20 points) Marie is running a small mobile shop and now selling the very popular ePhone. In such a small
town, the daily demand for ePhone is limited and following a probability distribution shown in the table below.
Since the shop is with a little capital, Marie can keep at most 2 ¢Phones in inventory every day. When the
inventory level is low at the end of the day, she makes an order to the phone suppliers. Assuming the
replenishment is instant, i.e., when Marie makes the order at the end of today, the ordered phone(s) will arrive
at the beginning of tomorrow. There are two types of costs associated with each order: the fixed cost of 400
NTD for the truck; the variable cost of 100 NTD/phone. The holding cost for an unsold phone in the inventory
is 100 NTD. If the demand exceeds the available phones in inventory during the day, the backordered cost is
incurred with the penalty of 1000 NTD per phone.

Daily Demand Quantity 0 1 2
Probability 0.2 0.5 0.3

{a) (10 points) Marie is now using the ordering policy: if there are no phones in inventory at the end of the day
(including backerder}, 2 phones are ordered; otherwise, Marie makes no order. Let the states indicate the
number of phones in inventory at the end of the day. Help Marie calculate the long-run expected cost per
day for this ordering policy.

(b) (10 points) Find and demonstrate a better ordering policy than the one Marie uses, i.e., the policy with a

lower cost.
178 0.75 088 1.25]" 11625 —0.18 —0.2875 —0.545
(For your convenience: 075 178 025 088 _| —-018 075 0.08 =025 |,
Y “l0.88 025 1.98 0.75 —0.2875 0.08 0.6625 —0.105
125 088 0.75 198 —0.545 —0.25 —0.105 1
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