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1. (10 points) State

(a) Basu’s Theorem

{(b) Rao-Blackwell Theorem

2. (10 points) Let X have a uniform distribution U(0,1), and let the conditional
distribution of Y, given that X = z, be U(0, &).

(a) Calculate the marginal pdf of Y.

(b) Compute E(Y|cc), the conditional mean of ¥, given that X = g. |

3. (10 points) Let X3, Xs,. .., Xy, be iid f(z|f) with E(X;), B(X?) < co. Let 8, be an

estimator of 4.

(a) What is the definition of an unbiased estimator of 67 -

(b) Show that )
E [(én - e)'z] - [E(én) - 9]2 +E [(@n - E(éﬂ)) 2]' = o+ dn

(c) What conditions on ¢, and d, imply that g, is a consistent estimator of 8?7

Prove your answer.
4. (10 points) Let X1,..., X, be & random sample from a population with pdf
f(z|f) =02 0<z <1, 0<6<oo

(a) Please find the MLE of ¢, and show that its variance converges to 0 as n — oo.

(b) Please find the method of moment estimator of 6.

5. (a) (5 points) Let X3, Xz, .. ., Xy, be iid Poisson distribution with mean A. Please
find the UMVUE (uniform minimum variance unbiased estimator) of (A —.
D —2).
(b) (5 points) Let X3, Xa,...,X, be iid Uniform distribution (0, ). Please find
the UMVUE of §-2.

‘6. (10 points) Let X be one observation from a distribution with p.d.f. given by

)
flz) = )
where —00 < z < co; and —00 < f < o0. Find a uniformly most powerful test for

testing Hp: 8 <0 and H; : §> 0.
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7. (10 points) Let X3, Xs,..., X, be a random sample from a distribution with p.d.f.
given by

flz) = Hma;l,

where 0 < z < o0; and # > 0. Find a uniformly most powerful test for testing
Hy: 0 =06 against Hy : 0 < 6.

8. (30 points) Let X1, Xs,..., X, and 11,Y3,...,Y,, be independent random samples
from the normal distributions N(p1,0%) and N{us, 03), respectively.

(a) (10 points) If py and py are unknown, show that the likelihood ratio test for

testing Hp : o7 = o3 against Hy : 02 3 o2 can be based on the following

random variable:

o (%= /(0= 1)
Y (G =)/ (m = 1)’

where

X‘= Z?:lx" alld ]?‘= E;::llfk
n m

(b) (10 points) If o7 = o3, show that the random variable F in (a) is independent
of the random variable T given by
VarnX —Y)

\/_E_T‘EAX‘-—X)%EL,(YP?F '
- n+m—2

(c) (10 points) Show that the likelihood ratio test for testing Hy : g1 = p and

o2 = o2 against all alternatives can be based on the following random variable:

[Cn (X — X/ ? [T (Y — )3 /m]

W— ntm ¥

- A TR0 2 S m)} T

where 4 = (nX + mY)/(n+m).
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