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{1) (14 points) For each of the following algorithms, what is the tightest asympfotic upper bound for its runtime
complexity? Please use the following table of (A)-(E) choices when answering,

A) | (B) [(©) (D) (E)
Oy | O | O(lgn) | O(nlgn) | O@*)

(2 points) quick sort for n numbers (worst-case time)

(2 points) quick sort for n numbers (expected time)

(2 points) bucket sort for 2 numbers (expected time)

(2 points) MAX-HEAPIFY for n numbers (expected time)

(2 points) PUSH/POP on stack of n keys {expected time)

(2 points) SEARCH on hash table with r static keys and perfect hashing (worst-case time)
7. (2 points) INSERT/DELETE on red-black tree with n keys (worst-case)

AN

(1) (8 points) In a min-heap stored in an array, please answer the following questions after these 11 numbers have
been inserted: 12, 8,23,21,6,1,7,25, 24,22, 26.

8. (2 points) What is the height of the heap? (A)2 (B)3(C)4 (D)5
9, (3 points) What is the value of the node at index 37 (A) 1 (B) 6 (C) 7(D) 8
10. (3 points) What is the value of the left child of the node with value 127 (A) 22 (B) 24 (C) 25 (D) 26

(111) (8 points) There are various collision resolution strategies for hash tables. Please answer the following questions
under the assumption of simple uniform hashing and all keys are unique, given a hash table H with m slots to
store n elements.

11. (3 points) Suppose we use chaining with the hash function h(k) = & mod 5, and insert the following 13
keys into H with 5 slots in the exact sequence: 32,39,21,3,6,40,34,24,15,25,7,13,50. What is the
expected number of key comparisons when searching for an element with the key k? (A) 1.0 (B) 2.6 (C)
3.0(D)3.6.

12. (5 points) Suppose we use double hashing of the form h(k,i) = (h1(k) + iha(k))mod m, where the
primary hash function is defined as hy(k) = k mnod 7 and the secondary hash function is defined as
ho(k) = 5 — (k mod 5). Given H with 7 slots to insert the following 4 keys in the exact sequence:
35, 42,3, 21. What is the index of the slot storing the element with the key 217 (A) 0 (B} 3 (C) 4 (D) 5.

(1V) {10 points) Suppose we. want to use trees to store the following 10 elements, inserted in this exact sequence:
88,93, 76, 50, 46, 3, 32, 85, 30, 95.

13. (2 points) What is the height of the tree if we insert these 10 elements in sequence into a Binary Search’

Tree? (A)4 (B} 6 (C) 7(D) 8.

14, (2 points) In the Binary Search Tree from the previous question, suppose we remove the node with value
76, what’s the parent of the node with value 507 (A) 46 (B) 85 (C) 88 (D} 93.

15. (3 points) Suppose we insert these 10 elements in sequence into an AVL Tree, what’s value of the parent of
the node with value 767 (A) 46 (B) 85 (C) 88 (D) 93.

16. (3 points) In the AVL tree from the previous question, suppose we remove the node with value 32, whats
the parent of the node with value 307 (A) 3 (B) 46 (C) 50 (D) 76.
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(V) (35 points) In the data structure queue, elements can be added to one end and removed from the other. Different
from queues, a deque allows elements to be added to and removed from both ends.

(2) (15 points) Given a deque with a permutation of the numbers from 1 ton (n>5), we want to remove all of
the numbers to form a sequence < ai, @2, @3, ..., &, > that maximizes the alternative sum (a; — az 4+ aa...
+ a,,), where a, is the first number removed, a; is the second number, and so on. For example, suppose a
deque contains 5 numbers as follows:
(head) 2, 3, 1, 4, 5 (rear)
One possible generated sequence is < §,2,4, 1,3 > whose alternative sum is 9.

(1) (5 points) Give an example to demonstrate that the problem cannot be solved by a greedy algorithm,
which first removes the larger one of the two ends, then removing in the order of the smaller one, the
larger one, the smaller one, etc. Show your calculation.

(2) (10 points) Devise an O(n?) algorithm to generate the optimal sequence for a given deque. Explain
how your algorithm works on the example you give previously.

{(b) (20 points) Stacks can be used to implement queues and deques.

(1) (6 points) Describe how to implement a queue using only two stacks. And then describe how to extend
the way to implement a queue to implement a deque using the same two stacks.

(2} (7 points) Use the accounting method to prove the amortized time complexity of'a sequence of n queue
operations (implemented with stacks) is O(n). Show your derivation.

(3) (7 points) Prove or disprove that the amortized time complexity of a sequence of n deque operations
(implemented with stacks) is also O(n). Show your derivation.

(VI} (25 points) The network of roads in NTU can be modeled as a graph G = (V, E), wherc each node v; € V
represents a building and each edge e;; € E represents a road connecting the buildings v; and v;. Each edge
e;; is associated with a positive weight wij, i.e., wi; > 0.

() (10 points) Consider all roads are bidirectional. Before an earthquake, it is possible to travel between any

pair of buildings. However, after the earthquake, all of the roads are damaged and closed until repairs

are completed. Suppose the weight w;; indicates the time required to repair the corresponding road e;;.
Assume that all roads are fixed at the same time.

Given two buildings v, and vs, please propose an efficient algorithm to determine a path starting from

v, to vp that can be fixed in the smallest amount of time. Analyze the time complexity of your algorithm.

(b) (15 points) Consider all roads are directional but we don’t know their directions in G. Suppose the weight
wi; indicates the time required to travel from the building v; to the building v;. Given two buildings v,

and vy and the following two different conditions, for each condition, please propose an efficient algorithm’

to determine the directions of the roads in G so that the time to travel from v, to v is minimum. Assume
that vy, is reachable from v, in G. :
(1) (5 points) Consider all edges have equal weights. Your algorithm should run in linear time.

(2) (10 points) Consider the edges might have different weights. Analyze the time complexity of your
algorithm in this guestion,
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