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1. Let T Dbe a linear operator on Py defined by
PO)) = HO) + f) 4 f @) -+ f(a

(a) (8%) Find [T)g, where B is the standard basis lor Py () (10%) For f(x) =
ag + ayw + Gox?, lind T-1(f(2)).

2. Let A be the 3 x 3 matrix defined below. (a) (6%) Find the eigenvalues of A, aud
(b} (9%) find an orthonormal basis for R?® consisting of eigenvectors of A.

L

2
2
4

A=

D DO
b2 & O

3. (20%) Label the following statements as being Lrme or false. (No ezplanalion is
needed. Bach correch unswer gets 2% end each wrong answer gels 0% ):

(a) Let S he a sei containing n linearly independent eigeuveciors of an n x 1
syismetric matrix. Then & forms an orthogonal basis [or R™.
{(b) A matrix representation of a linear operator on M s, 18 ant m X 7 makix.

{c) Every colummn ol 4 can be undguely expressed as a linear combination of Lhe
pivol columns of A.

(d) Let I be a subspace of R™ and W be its orthogonal complemnent. 1 v is a
vecbor in V' and w is a vector in W, then v ew = (.

(e) Let 4 = la, ay ... a,] be a square matrix and b be a linear combination of
ap, y, ..., a,. Then det A =della; +-b agay ... ay).

() If V' and I¥ are subspaces of R™ having the same dimension, then V = .

(g) Let 4 be an m xn matrix. Then the rank of 4 is n il and only if the equation
Ax = b has at most one sofution {or each b in R™.

(h} Let A, B and C be any matrices such that the product 4 B is defined. Then
rank (ABC} £ rank B.

(i) 1f che reduced row echelon form of [A4 ] contains a zero row, then Ax = b hag
infinitely many solutioas.

(i) A function from R™ to R™ is unignely determined by its images of the standaxd
vectors in R™.
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1}, forlf <1
0, otherwise

{
4. (5%) For the given equation I JF@f-n=A)= { » blease choose
¢

the correct one answer

1/2, fort| <1/2 1/2, fort] <1 1, for | <1
A) f(H)y= ;(BY f(Hy= ;O f(D)= ;
&)/ { 0, otherwise B 7® {0, otherwise ©s0 0, otherwise

I, forlt| <1/2
D) f(1) ={ i or| |< _; (E) None of the above.

0, otherwise

5. {5%) You can expand the function defined by /(x) =x*+3,0 <x <3 in a Fourier
series, a cosine series or a sine series. Please choose the correct answers

(A) fl6)=3 for sine series; (B)f(3)=12 for cosine series; (C) {0)=3 for Fourier series:

(DY(-1y=4 for Fourier series; (D}{-3)=12 for cosine series.

6. (5%) Solve the initial value problem:

Y4y = (0, 7(0) = 5, where £{¢) = { 0,for0<t<x

3cos(t), fort =’

Please choose the correct answers

(A y()=5",0<r<x; (B)yr)=3e" +%e‘“”’),0 Lt<m;
(C) (1) =5¢" + —g—e"”’” + %sin(f + )+ %cos(l +a)tzw;
(D) y(5)=5e" + El A Esin(lf) + Ecos(t‘),t zm,

2 2 2
(B) y() =5e”" + %e”“”‘) +«§-sin(t -7) +%cos(: —mte

7. (15%) Please solve the differential equation (x” +2xy — y*)dx + (3 + 2xy —x2)dy = 0.
(a) (3% please verify that the differential equation is exact or not.

(b) (5%) please show that the integrating factor z¢(x, y} = (x + y)'2
{c) (7%0) please solve the differential equation.
8. (10%) As illustrated in the Figure 8, light rays strike a plane curve C in such a
manner that all rays L parallel to the x-axis are reflected to a single point O.
(a) (5%) Assume that the angle of incidence is equal to the angle of reflection,

determine a differential equation that describes the shape of the curve C.
[Hint: Please show that we can write $=20 firstly.]
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{h) (3%) Please solve the differential equation 1o get the function deseribing the

curve (',
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z-axis. The light ray equation can be expressed as

d [ d_v} dn d [
—in—= ==, n
d=\ = dv dz

(@) (2%} In a homogeneous medivm where 17 1s independent of y, 3 z, please show

dx) dn - -
— |=— where 1= n(x ).z} is the refractive index.
dz ) dx

that the light ray trajectory is a straight line.

(b (89%4%) Let a light ray be incident into a slab graded index mediom, in which

n=n,(1—-c’y)with @’y <<, atposition y=yp, and with an incidence

oy ) . N :
angle —— = f. Please show that with appropriaie approximation the tight ray

oz

lrajectory is a periodic [unction as in Figure ¥ and (ind the period,

0. (10%0) In the paraxial approximation, lhe light ray wajectory is almost paratlel 1o the

Figure 9
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