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Notation: Let R and C denote the set of real and complex numbers respectively.
For F' = R or C and any positive integer n, I, is the identity matrix and G, is the zero
matrix in M,{F). Let F™ denote the column vector space of dimension n over F. If
A € Mpxn(F), A* € Myuyxm(F) denote the transpose of A. Forz = (z1,...,1,)t € C*,
recall that the norm {z|| of z is defined by

el = /I + sl -+ 2]

Problem 1 (20pts). Let T : R® — R* be the linear transformation defined by
T(v) = A - v with the matrix

2931 4 —9
1111 -3
A=11119 5
2 2 23 -8

(1) (5pts) Find the dimension of the image of T.
(2) (10pts) Find bases of the kernel of T' and the image of 7.
(3) (5pts) Find some T € R”® such that T'(z) = (17,6, 8, 14)'.

Problem 2 {10pts). Let W be the subspace of R? defined by
W = {($1,$2,$3,$4)t_6 Rilzi+ 2o+ 23— 24 =0, ) — 330 + 223 = 0} )

Let v = (2,1,0,1)". Find the minimal distance from v to W, namely n(lii&}} lv — wil.
w

4- (
be a symmetric matrix.

(1) (5pts) Find the eigenvalues of A.
(2) (20pts) Find a matrix P such that PP* = [, and P~ AP is a diagonal matrix.

Problem 3 (25 pts). Let

0
1
1

Problem 4 (15pts). Let A, B € M,(C) such that rank A = rank B and A?B = A.
Prove that B2A = B. '

Problem 5 (15pts). Determine all of the matrices X € M;(R) that satisfy the
equation
3 _ay2_ {1 =3
X' -3X"= (1 _3)"

Problem 6 (15pts). Let A € M,,(C) with det A =1 and ||Az|| < ||z|| for any z € C™.
Prove that AA* = I,.
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