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1. (20 pts) Let 4 be a regular curve in R? paramctrized by arc-length such that [|[y(s){] < 1 for all s.
Suppose that there is a point sg where ||v(sg) [[ L. Prove that the curvature at that point satisfies
[s{s0)] = 1.

2. (20 pts) Prove that a torus in R® cant have Gauss curvature which is everywhere > 0.

3. (20 pts) Let v be a regular curve on a surface regular surface M with Gaussian curvature K >0
at p € . Show that the curvature x of vy at p satisfies k > min{|k1], |k2|} where k; and ko arc the
principal curvatures of M at p.

4. Let S be a regular surface parametrized by o(u,v) and S! be the parallel surface at distance ¢ from S
which can be parametrized by o*(u,v) = o(u,v) + tN(o{u,v)) where N is the unit normal vector field
at o(u,v).

(a) (10 pts) Show that N, x N, = Koy x g, and ""XN“;’N"""" = Ho, X o, where K and H are the
Gaussian and mean curvatures of S.

(b) (10 pts) Show that S? is a parametrized surface if [¢]| < mz’n{rglﬁ, F‘l—ﬂ} and N is also the natural
unit normal for S*.

(e) (10 pts) Show that
al x ol = (1 —2tH + t2K)o, X 0,,.

-(d) (10 pts) Show that the Gaussian and mean curvature of St are ———~——,—~1 STHTER and T For R g Hf:i 7 Te-

spectively, where K and H are the Gaussian and mean curvatures of §. (Hint: Do not compute
it by brutal force. Use Part (a) instead.)
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