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Notation: We denote by R the set of real numbers. For any positive integer n, I,
is the identity matrix and 0, is the zero matrix in M, (R).

Problem 1 (15pts). Let T : R* — R3 be the linear transformation defined by

T(v) = A- v, where
3 -5 1 1

2 0 0 2

(1) (10pts) Find bases of KerT (the kernel of T') and Im T' (the image of T').
-5

(2) (5pts) Verify if the vector ( 5 ) belongs to ImT.
0

0 1 -1
A=[13 -4 1 ].
3 -8 5
(1) (15pts) Find an invertible matrix Q € M3(R) such that
000
Q'AQ=|1 0 12}.
: 01 1

(2) (10pts) Find an invertible matrix P € M3(R) such that P~'AP is a diagonal
matrix.

Problem 2 (25pts). Let

Problem 3 (10pts). Let A, B € M;(R) such that
det(A) = det(A + B) =det(A— B) = 0.
Show that det(A + 2B) = 3det(B).

Problem 4 (15pts). Let A € M,(R). If rank A + rank(A — I;) = n, show that
Tr(A) = rank A.

Problem 5 (15pts). Let A = (ai;) € Ma(R). For each positive integer k, we define
1 2 1 4
k] .— (qk : . 2 —
Al .= (af)). For example, if A = (3 4), then AP = 9 16)'

Show that if A¥ = A for k =1,2,...,n + 1, then A¥ = A for all k.

Problem 6 (20pts). Let A, B € M;(R) such that
AB - BA=cA
for some non-zero real number a # 0.

(1) (5pts) Show that A*B — BA* = ak - A* for all positive integer k.
(2) (15pts) Prove that A* = 0,, for some positive integer k.
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