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»¢ Please show the detailed calculation process for the questions whenever necessary.
?¢ If the answers are with decimal numbers, please round to the second decimal place,
e.g., 99.37 or 2.43%.

1. (30%) Consider a down-and-in call option whose payoff at maturity T is
cr = max(Sy — K, 0)

only if the stock price S; has reached the barrier level B before the maturity date,
where S; denotes the stock price attime t € [0,T], K denotes the strike price, and
the barrier level B is assumed to be lower than min(S,, K).

Under the Black-Scholes framework, its value function today (¢t = 0) is
24 21-2
¢o = So exp(—qT) (%) N(y) — Kexp(—rT) (S%) - N(y—oVT),

+2 ln(—ﬁ'2 )+(r q+"2)T
Tegt —at . . . .
where A = pr 2y =Sk - 22 r istherisk-free interest rate, q isthe

dividend yield, o is the stock price volatility, N(-) is the cumulative distribution

function of the standard normal distribution defined as

N(d) = [% n(xdx = [% Lo T,

x2
and n(x) = 1/%e"T is the probability density function of the standard normal

distribution.

(a) (10%) Prove that S;exp(—qT) (;%)2;l n(y) = Kexp(~rT) (%)za—z n(y —

oVF).

(b) (10%) Derive _g_g_g_ Express g% as aN(y)+ BN(y — oVT) under the
0 0

assumptionof A = 0.5. Whatare o and B?Note that N(y), N(y — ovT), n(y),
and n(y ~ oVT) are not allowed to appearin @ and f.

.92 a2 .
(c) (10%) Derive ﬁ. Express as:g as yn(y - 0'\/'1_‘) under the assumption of

A =0.5. What is y? Note that N(y), N(y — ovT), n(y), and n(y — oVT) are
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not allowed to appear in .

2. (7%) A company begins advertising a new product and finds that after ¢ weeks the
product is gaining customer recognition at the rate of t3Int thousand customers
per week (for ¢ > 1). Find the total gain in recognition from the end of week 1 to
the end of week 4,

3. (13%) Find the least squares approximation h(x) = ay + a,x for fx) =e%,

0 < x < 1.[Hint: Solve ap and a, through minimizing the integral of the squared
difference between f(x) and h(x).]

4. (10%) Determine the open intervals on which the graph of the function is concave
upward or concave downward:

f(x) = =

X243

5.(10%) Find the area of the region bounded by the graph of
y=x*—-3x—4
and the x-axis.

6. (10%) Use a double integral to find the area of the region bounded by the graphs of
y=x% and y = x5.

7. (10%) Estimate the point of intersection of the graphs of y = e~ and y=X

8. (10%) Find the general solution of x=X — 2y = x?.
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