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1. Define:

(a) [5 points] Random experiment, probability set function and random variable.

(c

[5 points] Characteristic function of a random variable.
[

(d} [5 points] Unbiasedness, consistency, efficiency and sufficiency.

)
(b) [5 points] Moment gencrating function of a random variable.
)
) ]
(e) [6 points] Exponential family of distributions.
(f) [5 points] Uniformly minimum-variance unbiased estimator.
(g) [5 points] Likelihood function and maximum-likclihood estimator.
(h) [ points] Likelihood ratio test.
(i) [6 points] Uniformly most powerful test.

)

(j) [5 points] Linear statistical model and nonlinear statistical model.

2. [5 points] Let X1,...,Xs be i.i.d. from the Normal distribution N(i,s?) with unknown
mean g and variance o2, If we have three statistics, i = éZle X:, Ys = %Z?:7 X,
and S? = %Z;L,(Xj —~ Y,)?, please find the sampling distribution of the statistic 7 =

\/2_(3’1 - 12)/5.

3. {10 points] Let X, ..., Xn be iid. from the following continuous distribution:

folw) =001 +2)" 0+ 2 > 0;
with a unknown paramcter § > 0.

{(a) Find an estimator of 8§ using the method of moments.

{(b) Find the Maximum Likelihood Estimatc (MLE) of 6.

4. [15 points] Let X,..., X, be i.i.d. from the distribution with pdf

22
f(z:8) = ?)-;—e“xd/e, z > 0.

(a) Find the sampling distribution of 3 1, X3
(b) Find the UMP (uniformly most powerful) test of size « for testing Ho : 8 = 0, versus
]fa 18> .

5. {20 points] Let Xi,..., X, be i.id. having the Poisson(§) distribution. We want to

estimate g(6) = e~°.

(a) Prove that § = 3 " | X; is sufficient and complete for 6.

(b) An unbiased estimator is of the form, T(X),..., X,) = Iix,-q. Please find the

UMVUE (uniformly minimum variance unbiased estimator) for g(6).

(¢) Find the Cramér-Rao Lower Bound for the variance of unbiased cstimator of g(f).
Decide whether the UMVUE of ¢(6) reaches the Cramér-Rao Lower Bound.
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