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HOEEHRARENZ THREAASE  BUEREAAL

(1) [54 10+ 10 4] A function d : M x M — [0, c0) is called an ultrametric if

o d(z,y) =0if and only if z = y;
o d(z,y) = d(y, z);
o d(z,2) < max{d(z,y),d(y,2)}

for any z,y,2 € M. We call (M, d) an ultrametric space.

(a} Show that an ultrametric space, (M, d), is a metric space.

(b) In an ultrametric space, show that “all triangles are isosceles’”.

(c) Prove that an ultrametric space must be totally disconnected®.

(2) [15 + 15 47} For the following series, determine whether it converges or diverges. If
the series converges, determine whether the convergence is absolutely or conditionally
convergent. Justify your answer.

e (_1)n+1
(=) 2
(n+ 1) log(n+1)

n=1l

ne=l

, where log means natural logarithm.

(3) |6+ 10 + 10 43] Consider
sin(nz)

fnla) = 2nz

{(a) For every = > 0, determine lim,o fr(z).
Let f(z) be the function given by the pointwise limit you found in part (a).

forz>0.

(b) Fix a positive number ¢. Does {f.(2)}nen converges to f(z) uniformly over
[£,00)7 Give your reason.
(¢} Does {fn(z)}nen converges to f(z) uniformly over (0,00)7 Give your reason.

LAn isosceles triangle is a triangle that has two sides of equal length.
2A metric space M is totally disconnected if for every » € M and any € > 0, there exists a subset U C
which is both open and closed, and which is contained in the open ball of radius e centered at .
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(4) [20 4¥] Let F be a smooth map from R® to R®. Denote by (1,22, 73) the coordinate
for the domain R®. Denote the origin {0, 0, 0} by O. Suppose that

det(DF|(z, 25,55)) =0 for every (21,22, 23) € R?,
oF aF

6$1_0=(0,4,0) and —| =(3,0,0).

F(0)=0, 5l

Prove that there exist
e open neighborhoods U,U of O in (the domain) R®, and a diffeomorphism ¢ :
U/ — U which maps O to O,
e open neighborhoods V, V of O in (the target) R®, and a diffeomorphism ¢ : V=
V which maps O to O,
such that 1o F o as a map from U ¢ R® to V C R® is

(¥ o Fow)(w, vz, ys) = (%1,%2,0) .

What follows is the diagram for your reference.

R® S U-Lsvy C R

Jd

R > U---V CR3
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