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e In the following “function” means “R-valued function.”
e In a metric space, we let B.(p) denote the open ball with center p and radius 7.
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1.

10.

If I, (n € N) are bounded open intervals in R such that § # I,y; C I, for all n, then
o0
A I 0.

n=1

. A continuous convex function on [—1,1] must be a Lipschitz function.

_ There exists a continuous function f on R such that f'(z) exists if and only if z #£ 0.

There exists a continuous function f on R such that f'(z) exists if and only if z = 0.

CIEV(z,y) = (P(z,y),Qz,9)) is a smooth vector field on an open set € in R? such

that %E = % everywhere on , then the line integrals of V' along any two smooth

paths in © both travelling from a given point a to another point b coincide.

. If f is a continuous function of R of period 27, then the Fourier series of f converges

pointwise to f.

If f is a smooth map from R2 to R? such that the determinant of the Jacobi matrix

of f takes value 0 at a point p € R2, then f|p, (s cannot be injective no matter how
small r{> 0) is. '

. Let f be a smooth function on R? which achieves a local minimum at a point (a,b).
If (a, b) is the only point at which the gradient vector V f vanishes, then f(a,b) must -

be the global minimum of f.

. If f and g are functions on [0, 1] such that both f? and ¢° are Riemann integrable,

then (f + g)? is Riemann integrable.

lim z* = 0.
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1.(15 %) Let @ > 1 and b > 0. How many different r € R can fulfil the equation a® = |={*?
(The answer depends on the relation between a and b, and your answer has to exhaust all
possibilities.)

2.(10 4-) Let f be a function defined on a subset X of R? Prove the following state-
ment: if f|p is uniformly continuous for every bounded set B C X, then there exists a
continuous function g on the closure X of X in R2? such that f = g|x.
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3.(10 %) Show that if f is a uniformly continuous function on [0,00) such that the im-
proper integral [ f(z)dz converges, then :}LHOIO f(z)=0.

4.(10 %) Let C = {(x,y) € R?|2® = y?}. Show that for any continuously differentiable map
t € R—> (z(t),y(t)) € R? whose image lies in C such that (z(0),y(0)) = (0,0) we must
have (z'(0),%/(0)) = (0,0). |

5.(10 %) Terminology. Let f, be a sequence of functions on a metric space X. We
say that f, converges compactly to a function g defined on X if on every compact set K in
X the sequence f,|x converges to g|x uniformly. '

Now suppose that f, is a sequence of continuously differentiable functions on an open set
U in R? such that the three sequences fy, %&’1, and %’i converge compactly to functions g,

ki, and hy, respectively. Show that g,g = h; and gg = f.

6.(10 %) Let f be a function on an open set U in R? such that both %5 -and %5 exist
everywhere on U. Show that if gﬁ is continuous at a point {(a,b) € U, then

] f(fﬂ:y)—f(a,b)—%ﬁ(anb)(ﬂ?—a)—%(a:b)(y"b)
lim =0.
(@y)—(a.b) : V(z—a)?+ (y—-b)?

7. Terminology. For a bounded function f on an interval [a,b] (@ < b) and a subdivision
A:ia=139< -+ <z = b of [a,b], we define the upper sum and the lower sum of f with

respect to A by
k

S(f,8)=>_ sup flz)(z; —2-1)

j=1 %i-1 ST

and
E

S(F0) =3 i f(@)(@; —25-),
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respectively. A function f on [a,b] is called Darboux integrable if it is bounded and for any
given € > 0 there exists a subdivision A of [, b] such that S(f,A) — S(f,A) <&

(i) (8 %) Show that all continuous functions on {a,b] are Darboux integrable.

(ii) (7 %) Show that all monotone functions on [a, b} are Darboux integrable.
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