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Notation: R is the set of real numbers, and C is the set of complex numnbers. If
F = R or C, denote by M, (F) the n x n matrices with entries in F'. If A € Mpxn(F),
denote by A® € Mpym(F) the transpose of A. Denote by I, the n x n identity matrix
and 0, the n X n zero matrix.

Problem 1 (10pts). Let i = v/—1 € C be a root of X*+ 1. Let
v = (1,0, "—i), Ug = (1+1,1 —1i, 1), Uz = (ii,i)

Show that {vq,vs,vs} is a basis of C? and express the vector vy = (1,0,1) as 2 linear
combination of vy, ve and vs, namely find oy, s, @3 € C such that vs = ajv; + agva +
Q3Us.

Problem 2 (15 pts). Let
vy = (0’ 3)31 1)3 Va = (2 1’ _3:7)3 V3 = (1: 83 63 6)1 Vi = (1s ]-Os '—41 2)

be vectors in R*. Let W) = spang {vi,v2} and let W, = spang {vs, v4}. Find the
dimension and a basis of W, N Wy, '

Problem 3 {25 pts). Let

1 01

(1) (15pts) Find an orthogonal matrix P € M3(R) such that P1A'AP is a
‘diagonal maftrix. o

(2) (10pts) Find the singular value decomposition of A. In other words, factorize
A =UZV*, where.U € M3(R) and V € M;(R) are orthogonal matrices and
% € Mayy3(R) is of the form

(A 00
z:_.(o N O), M > e >0

Problem 4 (15pts). Let V = M;3(C}) be a 9-dimension vector space over C and let

0 0 2
A=|10 1 3.
01 -2

Define the linear transformation 77: V — V' by
T(B) = AB — BA.

(1) (5pts) Find the dimension of Ker T
(2) (10pts) Show that T is diagonalizable.

Problem 5 (15pts). Let A, B € M,(R). Prove that rank A +rank B < n if and only
if there exists an invertible matrix X € M, (R) such that AXB = 0,,.

Problem 6 (20pts). Let A and B be elements in M, (C). Suppose that
AB—-BA=c-(A- B)

for some non-zero ¢ € C. Prove that there exists an invertible matrix P € M,(C)

such that P~'AP and P! BP are upper-triangular matrices with the same diagonal
entries.
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