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1. (25 pts) Solve the following equations.
dy
= =1+(2- 3,
(a) e +(2—z+y)

d
(b) e”yd—i— +(1+y%)=0.
dy _dy ,
(c) T2 TEg Y= 0,y(0) = 1,y'(0) = 0.
2. (30 pts)
1 1
Let A = 45
(a) Find e®*.
(b) Solve the system x'(t) = Ax(t), x(0) = g
(c) Solve the system x'(t) = Ax(t) + ( (1] ) , x(0) = ( g )

3. (25 pts) Assume that both y;(z) and ya(z) have continuous second derivatives on [0, #] and
satisfies
(E1) { y" +y=0for z € [0,7/2)
¥ +ay=0forz € [n/2,7].

(a) Find the solution y;{z) with y{7) = 1.

(b) Is it possible that y2(0) =17 - N .

(¢} Let S = {y : [0,n] = R|y has a continuous second derivative and satisfies (E1)}. Show

that S is a vector space over R and find its dimension.

4. (20 pts) Let A = ( (z z ) be a real matrix with & # 0 and ¢ # 0. Assume that

(E2) y'(¢) = Ax(t), where y(t) = ( 321((?) ) ,0<t <1
(2) Show that there is a polynomial P(z) of degree 2 such that P(A) = Ozx2.
(b) Show that there is a polynomial Q;(z) of degree 2 such that Q(y1(t)) = 0.
(¢) Is it true that Q2(z) = BP(z) for some constant 8 if Q2(z) is a polynomial of degree 2 and
@2{11(¢t)) = 0 whenever (E2) holds?
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