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1. (40 pts) Let f(s,z) (1+s€/5)(1+$),a: >0

(a) Let gr(z) = f(k,z),k =1,2,3,... Find limy o0 g(z) for > 0.
(b) Does {gr(z)} converge uniformly on (0,1)?

(¢) Find lim,_,q+ :i- J§ f(s,z) de.

(d) Find lim,_,eo -l-ﬁl—s- IS f(s,z) de.
(e) Show that there exists § > 0 such that

§=/:f(§,x)dx,

(f) Let so = 0.01, 541 = JoF fsk,z)dz, k=0,1,2,3,... Show that limy o0 Sk
exists.

2. (30 pts) Assume that D = [0, 1] x [0,1] and E is a closed subset of D. For
= (1, 22), let |¢] = \/2F + 23 denote the Euclidean norm of z in B2,

(a) Let d(z) = infyeg |z — y|. Show that for each z € D, there exists §j € E
such that d(z) = |z - §|.

(b) Show that d(z) is a continuous function on D.

(c) Show that sup, ., d(z) < inf,e elSup,¢p T — yl).

{d) Find an example F such that Sup.eplinfyer |z —yl] < inf,e E[supep [z—y])
holds.

3. (30 pts) Let f(z) and g(z,y) be C? functions.
(a) Show that limy_g J(3h) = 3f(2h) 2O _ 3f(0).

It
(b) Assume f(z + 2k) — 2f(z + h) + f(z) = 0 for all z and h. Prove that
f(z) = az + b for some constants a and b.
- - 2
() Show that lim,_q 9(h,h) ~ 9(h.0) 3 9(0,h) +(0,0) = Biéqy (0,0).
(d) Assume g(z + h,y +h) — g(z + hy) = g(z,y+ h)+ g(z,y) = 0 for all T,y
and h, g(z,0) = 22 + 1 and g(0,y) = cos y. Find the function g(z,y).
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