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1. (10%) Given an RLC circuit. The current i(t) can be expressed by ,2; :
( g-—zi+£—‘il-+——l—i=E(t)=0fort>0
dr Ldt LC

di0) _ _ 0. _8
7 3, _L i(Adt 5

where R=1C =§,L =%,i(0) =0,

~ Which of the following are correct?

(A) i(t) approaches zero at [ for any positive R, L ,C value,
(B) For t>0, i(t) does not have sinusoidal component,

© iM> e,
(D) For t>0, i(t) is proportional to ¢,
() i(r)=0.

2. (5%) Solve the differential equation below.

y" +2y1 +y=e”*

Which of the following are the possibie solutions?
(A) Jj(x)‘=e_x,

yx)=(5+ % x*)xe*

3

(C) y(x) =e—x +2xe_x’

D) y(x)=Q +—;~x)xe'x ’

® Y@=+ 2%

3. (5%) For the differential equation below.

4 L]
P42y +y=f(x)

Which of the following are correct?

(A) General solution form include Y(¥)=x-cos(x)

4
(B) General solution form include y (x) =e ,

(C) General solution form include Y(¥)}=sin(x) gnd P(x) = x+sin(x)s

X
(D) If f0)= 3e* particular solution is in the form of 1€ |

(B) If £(x)=3cos(x) Particular solution is in the form of ¢; cos(x) + ¢, sin(x)-
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4. (5%) A heart pacemaker consists of a switch, a battery, a capacitor with constant capacitance C, and the
heart as a resister with constant resistance R. When the switch is closed, the capacitor charges; when the
switch is open, the capacitor discharges, sending an electrical stimulus to the heart. During the time the heart
is being stimulated, the voltage y(t) across the heart satisfies the linear differential equation :

EZ;E‘L) +-RI—C y(f)=t,where t is the time variable. Assume that initially, i.e., at t = 0, the voltage y(t) across

the heart is equal to 4 and the constant RC =1. Which of the following statements are true?

(A) For >0, the particular solution of the linear differential equation is y,(f) =¢-1,

(B) For ¢20, the particular solution of the linear differential equation is y,{)=4(’-1),

(C) For t=0, the particular solution of the linear differential equation is y,(f) = ce™, ¢ is any constant,
(D) For r2=0, the solution of the linear ciifferential equation is y(f)=f—1+5¢~,

(E) For t=0, the solution of the linear differential equation is y(f)=4(t—1)+8¢™ .

5. (5%) Consider one specially designed circuit with one capacitor, one inductor, and four resisters. The output
voltage of the capacitor is denoted as x(t) and the output current of the inductor is denoted as y(t). Assume that
initially x(0)=0 and y(0)=0 and these two devices might interact with each other by the following behavior.
For the capacitor, the changing rate of x(t) is declined at a rate of -3x(t), and simultaneously increased at a rate
of y(t), and also positively depends on the independent current source g(t) =3¢ . Similarly, for the inductor, the
c;hanging rate of y(t) declines at a rate of -4y(t), and simultaneously increases at a rate of 2x(t), and also

positively depends on another independ‘ént voltage source A(t)=e"'. Which of the following statements are

true?

(A) %&t—) ==3x()+y()+3t, (B) —d% ==-3y)+x()+3t, (©)

dx(@) _

rale -3x(t) +y()+e”’,

D) %(;Q=2x(t)—4y(t)+e“’, (E) %=2x(‘);4y(’)+3"
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6. (5%) A forced, undamped, and resonant motion of a mass on a spring can be described in the following

2
equation: d dtgr) +16x(t) = cos(4t), where x(t) is the location of the mass. In the beginning, the mass is
' - . . . dx{0)
located at x(0)=0 and the initial velocity of the mass is equal to 1, i.e., ———==1. The Laplace transform
X(s) of x(t) is:
' 25+16 st +5+16 1 s
X($)=vam—or, B) X(s)=—5y—", C) X(5)= + ,
W XO=mer  ® X e © XO)= 5 Frtey
©) X(©)=——t— E) X()=—— b
s+16  (s+16)*° s+16 s*+16

7. (5%) A semi-infinite plate coincides with the region definedby 0 < x < m,y = 0. The left end is held at
temperature: exp(—y), and the right end is held at temperature zero for y = 0. The bottom of the plate is
insulated.

_ 2 (* sinh[f(x)]

ux,y) = -I:E-J;, g(a)sinh(am) p()da

A) glay=1+a @) fW=ax © fW=am—x), (D) pl) =sin(ay),
(E) p@) = cos(ay).

8. (5%) A string is stretched and secured on the x-axisat x = 0 and x =1 for t > 0, that is initially held at
these points 0.01sin(3mx) and then simultaneously released at all points at time t = 0. The string is
released from rest from the initial displacement. (Wave equation constant: a) u(x,t) = 0.01f (x)g(t)
(A) g(t) = cos(mat), (B) f(x) =sin(3nx), () f (x) = sin(3max), (D) g(t) = cos(3nat),

(E) g(t) = sin(3mat).

9. (5%) An undamped string/mass system, in which the mass m =1 slug and the spring constant

k = 10 Ib/R, is driven by the 2-periodic external force f(t) =1—¢t,0<t <2; f(t+2) = f(t).
Assume that when f(t) is extended to the negative t-axis in a periodic manner, the resulting function is odd.
Find a particular solution Xp(t).

Xp(t) = E{?:lga-g_—ﬁsin[p(t)]

A p(®)=nnt, B) s=nn, (C) k=nr, (D) k=n?rn% (E) s=n?r?
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10. (5%) Please pick the statements below that are true.
(a) The rank of the coefficient matrix of a consistent system of linear equations is equal to the
number of basic variables in the general solution of the system.

(b) The matrix-vector product of an m x n matrix A and a vector in R" is a linear combination
of the columns of A.

(c) A subset of R™ containing fewer than n vectors must be linearly independent.

(d) If S; and S, are finite subsets of R™ having equal spans, then S and S; contain the same
number of vectors. :

(e) If the columns of an n X n matrix A for a generating set of K", then the reduced row
echelon form of A is I,. '
11. (5%) Please pick the statements below that are true.

(2) If A and B are m X n matrices and C is an n X p matrix, then (A + B)C = AC + BC.
(b) For any matrices A and B, if A is the inverse of BT, then A is the transpose of B~
(c) An n x n matrix is invertible if and only if its rows are linearly independent.
(d) The codomain of any function is contained in its range.
(e) If f : R® —+ R™ and g : R™ — R™ are functions such that f(e;) = g(e;) for every standard
vector e;, then f(v) = g(v) for every v in R™.
12. (5%) Please pick the statements below that are true.

(a) A function is onto if its range equals its domain.

(b) A linear transformation is one-to-one if and only if every vector in its range is the image
of a unique vector in its domain.

(c) For any m X n matrices A and B and any scalars c and d, (cA + dB)T = cAT 4+ dBT.
(d) No scaling operations are required in the forward pass of Gaussian elimination.
{e) If A and B are invertible n X n matrices, then A + B is invertible.

] ) _{ ¢ 3
13. (5%) Consider the matrix A = [ 5 c+2

the matrix A invertible? :
(a) 3; (b) 4; (c) 5; (d) 6; (e) None of the above.

14, (5%) Which of the following subsets of R" is a subspace?

]. Which of the following values of ¢ will make

(a) {[ul uQ]TE’R? 2u§+3u§$12}.

(b) {[u1 g ug]TER3|2u1+5uz—4u3=0}.

(c) {[u1 Uy U3]T€R3|u1u2=u§}.

(d) {[u1 up Us ]TeR312u1+5u2-4u3=0andu1—-2u2+3u3=0}.
@ {[w w u | & R® | 2u; + 5uz — dus = 0 or uy — 2up + 3ug =0}
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15. (5%) Which of the following statements are correct?
(a) A basis for a subspace is a linearly independent subset of the subspace that is as large as
possible.

(b) If V is a subspace of dimension &, then every generating set for V' contains exactly %
vectors,

(¢) If B = {by,ba,- - ,b,} is any basis for R", then there exists a vector v € R" so that v
can not be expressed as a linear combination of by, bg, ..., by,.

(d) Let T be a linear operator on R", and U and V be two bases for R". Denote [Tz as the
representative matrix of T' with respect to any basis B for R*®. Then, [Ty and [T}y are
similar,

(e) If B is a basis for R* and T is the identity operator on R”, then [Tz = I,

16. (5%) Which of the following statements are correct?

(
(a) If A is an eigenvalue of an n X n matrix A, then for any v € R®, Av = Av.
(b) If there exists some v € R™ such that Av = Av, then J is an eigenvalue of A.

{c) If two matrices have the same characteristic polynomials, then they have the same eigen-
values.

{(d) A diagonal matrix is always diagonalizable.

(e) Let A and P be n X n matrices. If the columns of P form a set of n linearly independent
eigenvectors of 4, then P~1AP is a diagonal matrix.

SRR FEEEE
1. (15%) You did an experiment and got the following data points of (z,y) pair:
(0,0),(2,2), (3,6), and (4, 12).

You hypothesize that y = f(z) = a + b:c, where a,b € R!. You would like to fit f(z) to the
data points.

(1.1) Let v= [ g ] and we express the fitting of f(z) to the four data points into a matrix
form Av =c. A =7 and ¢ =? (3%) .
(1.2) Find a column span of matrix A, that is, CS(A) =7 (3%)

(1.8) Now you want to perform a least-square-error fit (also called a linear regression) of f(z)
to the four given data points, that is,

min ||Av — ¢||?.
v

Please explain why the optimal solution, v*, is the projection of vector ¢ onto CS(A).

(4%) .
(1.4) Derive the projection matrix that projects vector ¢ onto CS(A). (5%)

R A4




