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e Calculators are NOT allowed in the exam.

Question 1. 10 pts] Let f : [a,b] — R be a one-to-one and continuous function.
If f(a) < f (b), show that f is increasing.

Question 2. (20 pis] Let Q be the domain in the zy-plane bounded by the z-azis
and one arc of the cycloid

(z,y) = (§ —sinh,1 — cosf), 8 € [0, 2x].
Find the volume of the solid
{(z,4,2) eR®: 0 <z <42, (z,y) € Q}.

Question 3. [20 pts] Suppose that the cubic equation ag + boz + cox? + doz3 = 0
has three distinct roots ag < By < 7. Given € > 0, prove that there exists § > 0
such that for every (a,b,c,d) € R* with

(@ —a0)* + (b —bo) + (c — co)” + (d — do)? < 62,
the equation a + bz + cz® + dz® = 0 has three roots o, f, and v satisfying
(@ —00)* + (B—B0)* + (v —n)® < &

Question 4. [20 pts] For each € € {0,1), let
S’ez{(m,y,z) eER?: e < 2?2 +y2 < 1, —1—I—e<z<1}.
Evaluate
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dz dy dz.

Question 5. Let f : R — R be a bounded and continuous function. For every
k€N and z € R, define

fi (@) =min (£ 4) + Ely — ).

(a) [10 pts] Show that fi (x) is well-defined (i.e., the minimum does ewist).

(b) [10 pts] Show that fi, : R — R is Lipschitz continuous.

(c) [10 pts| Prove that on every finite interval, fr converges to f uniformly as
k— oo '
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