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° The height of a leaf (in either a tree or heap) is defined as 0.

The depth of the root (in either a tree or heap) is defined as 0.

The degree of a node (in either a tree or heap) is defined as the number of its children.
The size of a tree/heap is defined as the total number of keys (items) it stores.

All heaps, unless otherwise specified, are min heaps.
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2. Consider two algorithms whose running times T'(n) satisfy the following recurrences:
Algorithm A: T{n) = 1000T(n/2) + 0(nt%0")
Algorithm B: T{n) = 2T(n — 1000) + 0(1)
Then, Algorithm A is asymptotically faster than Algorithm B.
3. Consider two algorithms whose running times T(n) satisfy the following recurrences:
Algorithm A: T(n) = 4T(n/2) + 0(1)
Algorithm B: T(n) = 2T(n/4) + 0(1)
Then, Algorithm A is asymptotically faster than 4lgorithm B.
The running time of a dynamic programming algorithm is always ®(P) where P is the number of subproblems.
Both depth-first search (DFS) and breadth-first search (BFS) are linear-time algorithms.
Every weighted graph has a unique minimum spanning tree (MST).
Given an adjacency-list representation of a directed graph G = (V, E,w), it takes O(V) time to compute the in-degree of
every vertex.

N A

8. Given a weighted directed graph G = (V, E,w) with no negative-weight edges, we can solve its single source shortest
path problem in O(V + E) time.

9. Given a weighted directed graph G = (V, E, w), we can determine whether a negative-weight cycle exists in G in
O(V + E) time.

10. Every problem in NP can be solved in exponential time.
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Please choose the best possible answer in each of the following questions. In questions that ask for time complexities, please
choose the tightest bound.
11. Which of the following is correct?

n? € 02 ")

lg(n!) € O(nlgn)

nign € Q(n'e?)

n? € O(nlg*n)

12. Let f(n) and g(n) be two asymptotically non-negative functions. Which of the following is always true?

A f(n) x g(n) € 8(min(f(n), g(n)))
B. f(n) x g(n) € 0(max(f(n), g(n)))
C. f(m)+gm €8(min(f(n), g(n)))
D. f(n)+g(n) € ®(max(f(n), g(n)))

13.  Consider a divide-and-conquer algorithm, which solves a problem of size n by dividing it into two subproblems of size
n/3 and n/5, respectively. The solutions of the subproblems are then combined in ©(n?) time. Which of the following is
correct about the time complexity T{n) of this algorithm?

A. T(n) mustbein B(n?).

A
B.
C
D

B. T(n) mustbein O(n?) but not necessarily in Q(n?).
C. T(n) mustbein Q(n?) but not necessarily in 0(n?).
D. None of the above. The complexity of T(n) depends on the exact value of n.
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14. Consider an array of size n with perfectly inversely sorted order. Which of the following is correct about the running times
to sort this array (deterministically)?
A. Quicksort: O(nlgn); Merge Sort: O(nlgn); Insertion Sort: 0(n?)
B. Quicksort: 0(n?); Merge Sort: 0(n?); Insertion Sort: 0{n?)
C. Quicksort: 0(n?*); Merge Sort: 0(nlgn); Insertion Sort: O(nlgn)
D. Quicksort: 0(n?); Merge Sort: 0(nlgn); Insertion Sort: O(n?)

15.  Consider the problem of making change for n cents using the fewest number of coins. An algorithm to solve this problem
is to give the coin with the highest available denomination without going over, and repeat the process until the amount of
remaining change drops to 0. Which of the following sets of available coin denominations would cause this algorithm to

Jail at yielding an optimal solution?

A {1,3)
B. {1,3,4,5)
C. {1,5,10,25)

D. {c%c,..,c*} for any set of integers ¢ > 1 and k = 1
16. Which of the following algorithms can be used to most efficiently determine the presence of a cycle in a given graph?
A. Depth First Search (DFS)
B. Breadth First Search (BFS)
C. Prim’s Minimum Spanging Tree (MST) Algorithm
D. Kruskal’s Minimum Spanning Tree (MST) Algorithm
17. Consider the following undirected connected graph. What is the total weight of its maximum spanning tree?

A 23
B. 24
C. 25
D. 26

18. Suppose we run Dijkstra’s single-source shortest-path algorithm on the following weighted directed graph with vertex a as
the source. In what order do the nodes get included into the set of vertices for which the shortest path distances are
finalized?
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A abedef
B. a,bcfde
C. a b fied
D. a,bec.fd

19. Let G be a graph represented using adjacency matrix with n vertices and m edges. What is the tightest upper bound on
the running time of depth-first search (DFS) on this graph?
A 0() '
B. O(m+n)
C. 0(n®
D. O(mn)

20. Assume P # NP. Which of the following is true?
A, (NP-complete n P)y= 0
B. NP-complete = NP
C. NP-hard = NP
D. P=NP-complete

21. Let § be an NP-complete problem and ¢ and R be two other problems not known to be in NP. Q is polynomial-time

reducible to S and S is polynomial-time reducible to R. Which of the following statements is true?
A. R is NP-complete.

B. RisNP-hard.

C. Qis NP-complete.

D. (is NP-hard.

(22-25) Consider the following six items with their weights and values. Suppose you have a knapsack with a maximum weight

capacity of 10. Please answer the following questions.

22.

23.

24,

Item 1 2 3 4 5 6
Weight (w) 2 1 4 5 2 10
Value (v) 10 6 28 50 10 80
Suppose you can take any arbitrary portion of each item. What is the highest total value you can get by filling your
knapsack?
A, 184
B. 100
C. 90
D. 84
Suppose you can only choose to take or leave each entire item. Let V[i][j] denote the highest total value you can obtain

with items 1~{ and a knapsack of weight capacity j. Which of the following recurrence relations is correct?
Ao VY] = max(V[i — 1)) Vi — 1] — 1] + »LiD

B. V{1 = max(V[i — 1][j], Vi — 11§ — w[i]] + v[i])

C. VU] = max(V[i1[ — 1, Vi — 117 — 1] + »[iD)

D. V[i]l[j] = max(V[i][j — wli]l, Vi — 1]/ — wli]l + »[i)

Suppose you can only choose to take or leave each entire item. What is the highest total value vou can get by filling your

knapsack?
A 184
B. 90

C. 84

D. 80
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25. The recurrence relation in the previous problem solves the 0-1 knapsack problem in a dynamic programming manner by
filling the table of V[i]{/]. Which of the following statements is correct about the running time of this algorithm?
A. ltis alinear-time algorithm.
B. [Itis a polynomial-time algorithm, but not a linear-time algorithm.
C. Itis an exponential-time algorithm, but not a polynomial-time algorithm.
D. Nobody knows yet whether or not it is a polynomial-time algorithm.
26. Consider the following five recursive functions:

A. T(n) =64T (—g) + n(log n)* + nvn(log n)*

1
B. T(n) = 27T (%) + 65nlog(logn) + 3va(logn)? + lag(n!)

C. T(n) = 11T @) +2log*n

D. T(n) = T(n— 1) + Vn(logn)?
E. Tm)=T(¥n)+1
Which recursion yields the highest asymptotic complexity for T(n)?
27. For an AVL tree with 2021 nodes, let x be the minimum possible height, y be the maximum height, then (y-x) mod 5 is

A 0
B.

C 2
D. 3
E. 4

28. For a 2-3-4 trec of height 5, let x be the minimum possible size, y be the maximum possible size, then (xy) mod 5 is

MU 0w
B N e O

29. For a binary heap of height 2021, let x be the minimum possible size, y be the maximum possible size, then (3x+y) mod 3

e
w2

A0
B. 1
c. 2
D. 3
E. 4

30. Consider a binary heap that results from successively inserting keys 6, 3, 7, 8, 5, 1, 2, 4, 9 into an initially empty heap.
Then the depth of key 5 is

A0
B. 1
C. 2
D. 3
E. None of above

kA
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31. A binomial heap contains 2021 items. How many among them have depth 77

A. 165

B. 170

C. 175

D. 180

E. 185

For problems 32 to 35, please consider a graph with |V| vertices and {E] edges, to which the Dijkstra algorithm is applied to find
the shortest path. Assume |E| is both O(jV]?) and Q(}V]).
32. If Dijkstra algorithm is implemented with Binomial heap as priority queue, then the complexity is
A, O(V[*+|Ellog|V])
B. O(V[%
C. O(|Eltog|VD
D. O(IEl+|V]leg{V])
E. O(E)D
33. If Dijkstra algorithm is implemented with Fibonacci heap as priority queue, then the complexity is
A, O(IVI*+|Ellog |VD
B. OV
C. O(Ellog|VD)
D. O(IE+|Vilog|V])
E. O(ED
34. If Dijkstra algorithm is implemented with binary heap as priority queue, then the complexity is
A, O(VIZ+E|log [V
B. OV
C. O(Ellog|V])
D. O(IE+V]log|VD
E. O(E])
35. If Dijkstra algorithm is implemented with doubly-linked list as priority queue, then the complexity is
A O(V]*+[E| logV])
B. O(V|%
C. O(|Ellog|VD
D. O(EH|V|log|V]D
E. O(E]

Z 0 (30%)#E8 (BM25 0 B4 - EERAE 05 5 2B 0 45uE)
36. Which of the following statements are true?
. Jlogn}! = 0(n?)
. (Jogn)™ = 0(n!)
. log(n!} = 0(nlogn)
. log*n = 0(log*logn)
3log9n = O(\/ﬁ)
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37.

38.

39,

40.

41.

42.

43.

44,

Which of the following statements are true?
Stack implements a FIFO (first-in-first-out) policy.
Queue implements a LIFO (last-in-first-out) policy.
Stack can be realized by deque (double-ended queue).
The Find() operation in a doubly linked list takes O(n) time.
The Enqueune() operation in a queue takes O(1) time.
Consuier a binary search tree that results from successively inserting keys 2, 8,9, 1, 5. 7, 6, 3, 4 into an initially empty tree.
Which of the following statements are true?
The tree height is 4.
Key 8 is prior to key 3 in terms of pre-order traversal.
Key 2 is prior to key 7 in terms of post-order traversal.
Key 4 is prior to key 5 in terms of in-order traversal.
. Key 3 and key 9 are siblings.
h1ch of the following are balanced search trees?
Binary search tree
Red-black tree
AVL tree
2-3-4 tree
Splay tree
Which of the following statements are true?
An insertion in AVL tree requires (1(logn) single- and double-rotations in the worst case.
An insertion in AVL tree requires 0(1) single- and double-rotations in the worst case.
A deletion in AVL tree requires Q(logn) single- and double-rotations in the worst case.
A deletion in AVL tree requires O(1) single- and double-rotations in the worst case.
There is no red left child in AA tree.
Con51der an AVL tree that results from successively inserting keys 2, 4, 5, 3, 8, 7, 1, 6, 9 into an initially empty tree. Which of
the following statements are true?
A. The tree height is 4.
B. Key 3 and key 5 have the same depth.
C. Key 2 and key 8 have the same height.
D. Key 6 is a leaf.
E. Key 7 is the parent of key 9.
Consider the splay tree in Figure 1. Which of the following statements are true?
{Assume bottom-up splay, also assume the Join() operation splays on the maximum element in the left tree, which then
attaches the right tree.)
A. In Figure 1, after deleting key 26, then key 33 is a child of key 48.
B. In Figure 1, after deleting key 26, then key 17 is the root.
C. In Figure 1, after inserting key 75, then key 64 is an ancestor of key 99.
D. In Figure 1, after inserting key 75, then key 33 is a descendant of key 55.
E. In Figure |, after inserting key 75, then key 75 is the root.
Consider the red-black tree in Figure 2, which of the following statements are true?
{Assume bottom-up insertion/deletion)
A. In Figure 2, after inserting key 14, then there are 6 red nodes.
B. In Figure 2, after inserting key 54, then key 49 and key 54 are siblings.
C. In Figure 2, after deleting key 22, then key 25 and key 73 are siblings.
D. In Figure 2, after deleting key 66, then key 35 is red.
E. In Figure 2, after deleting key 83, then key 89 is red.
Consider an AA tree that results from successively inserting keys 96, 49, 79, 14, 41, 87, 75, 90, 61 into an initially empty tree.
Which of the following statements are true?
The root is key 61.
There is less than 3 horizontal links,
Key 41 and key 49 are in the same level.
Key 87 and key 96 are siblings.
Key 14 is the parent of key 41.
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45. Consider a min-heap. Which of the following statements are true?

A. For any subtree of a min-heap, the root of the subtree contains the smallest key occurring anywhere in that subtree.

B. An array that is in ascending order is a binary min-heap.

C. The sequence [1,5,6,7,14,17,10,23,13.12] is a binary min-heap.

D. The largest key must reside in a leaf.

E. The smallest key must reside in a leaf

40. Consider a Fibonacci heap that results from successively inserting 929 (distinct) keys into an initially empty heap, followed
by deleting the minimum key. Which of the following statements are true?

EEaER

The Fibonacci heap is of degree 9.
The Fibonacci heap is of height 12.
There are 5 trees in the Fibonacci heap.

With one additional decrease key operation, the Fibonacci heap can have 6 trees.
With two additional decrease key operations, the Fibonacci heap can have 7 trees.

47. Whlch of the following are desirable properties of a hash function h(x)?

A.

Mo O w

If x4, ...,%, are the items to be hashed, then the numbers h(x;), ...
integers.

The range of h(x) should include a wide range of integers.

The range of h(x) should stay within the desired hash-table size.

It should be computable in O(1) time.

It should take distinct values over all possible items to be hashed.

Figure 1: Splay tree
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Figure 2: Red-black tree
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,h(x,) should be uniformly distributed over the




