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1. (a). (5%) Given a two-dimensional vector field F= FitF, j =(5—i+(=— }j, show that —L=-—= on the 2-D plane
_ x+y x4y ox '

except at the origin where F is undefined.

(b). Evaluate the integral 1= LF «dr when

@). (5%) T isthecirclex’ +y* =2,
(ii). (5%) T is the square with corners P at (1,-1), Q at (3,—1), R at (3, 1),and Sat (1, 1).
(c). (5%) Comment on the results of (b).

2. Consider the eigenvalue problem Ax=Ax where A[a,.j-] is an 7 x n matrix. The characteristic polynomial associated with A
is givenas P (1) =det(A-Al)=(-1}"(1" +¢, A e, A e A+ e).

(a). (5%) Two 1 X n matrices B and D are called similar if D=Q'BQ, where Q is a nonsingular 7 x n matrix. Show that

the eigenvalues of B and D are identical.
(b). (5%) Prove the Cayley-Hamilton theorem for the case A being a symmetric matrix: P (A)=0 (note that, in fact, this

theorem holds for all matrices). Use this theorem to give the formula for computing Al

21 ‘
(). (5%) Use (b) to compute the inverse A" where A= [5 2} and check the result by showing that A"A=1.

3. (20%). Find the solution y(x) of the following boundary value problem
Xy +2xy +4x’y =2x-sinx-cosx, O<x<z/4
y{0): bounded , y(z/4)=1

[hint: you may want to consider a new function of x, say w(x)=xp(x), instead of p(x).]

S(x)
4. Function f(x) isdefinedin 0<x<1 asshown in the figure. 3/4 .
(a) (10%) Find the Fourier Sine series representation of f (x) Y7 N—
(b) (5%) What are the values that the Fourier Since series of f (x) 1/4 /
converges to at x=0, [/2,1? .

1/2 1

5. (a). (5%) Evaluate Jm ¢ dx . (Hint: consider I I & ey

—m—m

dA(%) +%A(A) =0.

(b). (5%) Define A(1)=— [ cos(ax)e™ dx. Show that
/i -
(©). (5%) Find A(1).

(d). (5%) Define g(w) = ¢ ™ _Bvaluate the inverse Fourier transform of E(w) ,ie,find g(x)}= 1ig w)e™dw.
)=—)..8&

(e). (10%). Consider a functionu(x,¢) which is periodic in x with period 1; i.e, u(0,f)=u(l,7)=---=u(n,t) where n is an
. 5] "1 . e e .
integer. Suppose a—;=%£.,£, £>0, u(x,0)=f(x) , where f(x) is periodic in x with period 1. Define
%

I—l(w, r)=r u(x,f)e ™ dx . Using the technique of Fourier transform applied to the above mentioned partial differential

equation, find the general solution of u(x,?) in terms of f(x). In addition, what is the explicit form of u(x,s) if

f(x)=sinx?
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