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1, (10%) Use the Laplace transform to solve the system

2% -3y -2y=1
—x'+2y +3x=0’

with initial conditions x(0)= y(0)= 0, where the prime indicates time derivative.

Given a 4%4 matrix A as
1 21 2
2121

A=
1 21 2
21 21

{8) (5%) Find the rank of A.

(b) (5%) Find the reduced row echelon form of A.

(©) (5%)Letx =[x, x,, %,x,] and b= [6,, 5, b, 5, ], where the superscript 7 denotes the transpose.
Assume that the nonhomogeneous system Ax=b is consistent and its general solution can be
expressed as Xy =X;U; T XU, +X,, where X, Uy, u,,and x, are 4x1 matrices. Dctermine u,
and wu,.

(ci) (5%) Showthat u; =[1,1,1, I]T and u, =[1,-1,1, —I]T are eigenvectors of A and determine the
associated eigenvalues A, and 1.

(¢) (5%) The characteristic polynomial of A can be expressed as p, (A)=(4 =2 (A ~2)" (4 —-Ay,
where [4|>|4,|>|4|. Determine m,.

() (5%)Find a matrix P so that P"AP is a diagonal matrix.

Function f(x) is shown below.

&)
'y

=7

(8) (6%) Detive Fourier Cosine Series (FCS) and Fourier Since Series (FSS) representations of  £(x)
defined on the interval [0, #].

(b) (3%) Sketch the FCS derived in (a), its first partial sum, and its 10% partial sum with the range of x
equalto {2z, 2x].

(c) (3%) Sketch Fourier Series (FS) representation of f(x) defined on the interval [-=, 7], its first
partial sum, and its 10" partial sum with the range of x equalto [-2r,27].

(@) (3%) Sketch Fourier Integral representation of Sf(x) with the range of x equal to [—27,2x],
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4. (15%) Derive solution of the one-dimensional heat equation over the half-line by the Fourier Sine
Transform Method. Describe the conditions of f(x) and T so the solution holds.

%—ka O<x<eo,1>0

a o’
u(0,)=T fort>0
u(x,0)= f(x), forO<x<eo

5. (15%) Write down the answers to the following questions. (Derivations are not required.)

(a) Let v be a continuous and differentiable vector function, then

Vx(Vxv)= —V2y. Fill in the blank with the correct expression.

52 2 2
(b) Let function g(x,y,2z) be the solution to the equation 6x¢ +-gy—f— + —gz—gm 4=0, EVaIl.'Iate the surface

integral ﬁ o ~<-dS over the surface §'(with n denoting its unit normal vector) of a sphere of radius 1
s @

cent_er;;d at the origin.

l x—1 ¥y . ¥y x+1 . .
¢) Let F= - i+ + be a 2-D vector field.
© [(Jﬁ:—1)2+y2 (x+1)2+y2} |:(x—1)2+y2 (:|:+1)2-i—y7']'l

Evaluate the line integral CJ. F-dr overa circle C of radius 2 centered at the origin.
C L

6. (15%)Let z=x+iy denote the complex variable and f(z) acomplex function. Answer the following
questions. (Derivations are not required.) '

j-—-ﬂ
(@) Let z),z,,00 »Z, be the nth roots ofthe equatlon z" =1 (n22),{ind Z z; =7
: j=1 e
(b) Let f(z) be analytic on the entire domain |zi <o, If ({ ( g’f (é'; 5 d¢ =z overevery closed curve
. z

C on the complex z-plane, then what is the form of the function f(z)?

(¢) Evaluate (j‘ 0os(z)

dz over a closed contour C defined by {z[=1/2.
c zH(z+ 1)
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