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1.Ifi1 1 2”be 2 |,then (a,b,¢) = (5%)

12 1 3l —11
211 1 1 1% 1
2 3 2 2 2 2|lx 2
20£13 3 4 3 3 3|[x]|_|3
T4 4 4 5 4 4)|xg 41’
5 5 5 5 6 5/|xs 5
6 6 6 6 6 7llxg 6&-
then x; + x, + x5 + x4+ X5+ x5 = (5%)

a 1 0 1 0 O1;pa 1 0
3.[1"[1 4 1}=[b 1 0“0 a 1] and a > 1,then (a,b) = (5%)

0 1 4 0 v 1l 0 a
1 L 1 4
1 1 0 /0% N\ q
4.1If rank [1 0 1 0] =3, thena=___ (5%)
I 0 afgl

5.Let A € R¥*2 and {vy,v,,v3}bea linearly independent subset of R3, If
AV]_ = 3V1 + ZVZ + V3,AV2 =v; + ZVZ =) V3,and AV3 =V + vy + V3,
then det(A) = (5%)

6.1fA € R°*7 and rank(A) = 4, then rank(ATA) — rank(AT)rank(A) = (5%)
1
7.Let u=|-1|, A =I5 + 5uu”, then uTA 1y = (5%)
1
12 -1 - -1 _
8.LetA = [3 4 ], then there exist a,b € R such that (I —A)™" = aA + bl,,

where (a,b) = (5%}

1 2 3 4 5
6 7 8 9 10
9Let A={11 12 13 14 15|,thendet(A —I5) = (5%)
16 17 18 19 20
21 22 23 24 25

32 0 0 0
2 3 2 00
10.LetA=]p 2 3 2 ¢ , then the largest eigenvalue of A is {5%)
0 0 2 3 2
0 0 0 2 3
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(@) R={(1,1),(2,2), (3, 3), (4,4), (5, 5)} is an equivalence relation on {1, 2, 3, 4, 5}.
(b) There are 2*° different reflexive binary relations on {1, 2, 3, 4, 5}.

i
(c) Let R be a binary relation. Then, !.91 R s the reflexive transitive closure of R.

(d) Let (X, -, +) be a Boolean algebra. Then, a - (b+ c)=(a-b)+(a-c)anda+(b-c) =
(a+b)-(a+tc)hold foralla, b, c € K.
() There exists a Boolean algebra (K, -, +), where K=

12 DU R A-E R IERE? SERIREE - AERE - (10%)

(a) Suppose that (R, +, -)isaring. If a-b=a - ¢, where a, b, c € R and a is not the identity
for +, then b=c.

(b) Suppose that (R, +, -) is a ring and S R is not empty. fa+b,a-beSforalla,be s
and —c € § for all ¢ € S, where — ¢ denotes the inverse of ¢ under +, then (S, +, -) is also
aring.

(©) If (R, +, -) is a field, then (R, +, -) is also an integral domain.

(d) Suppose that (G, -) and (H, ) are two groups. A mapping /: G — H is a group
isomorphism, if fla - b)= fla) * f(b) for all a, b € G.

(e) If (G, -) is a group and a € G, then ({a' |ieZ}, -)is also a group, where Z is the set of
integers.

13 BUMSGI A& RIERE? S BIERESR  FEHRE - (10%)

(a) There are 40 different ways to store 1, 2, 3, 4, 5 in A[1:5] (each number stored in a
memory location) so that A[/] =i forall 1 <i<5.

(b) fx) =x/(1-x)? is the ordinary generating function for 0, 1, 2, 3, 4, .

(c) There are 105 different integer solutions for Xy +xz+x3+x4=24, where 3 <x; <8 for
i=1,2,3,4.

(d) There are (5°~3%)/2 different ways to distribute 8 different objects Oy, Oy, ..., Oy to five
different boxes By, By, ..., Bs provided an even number of objects are distributed to Bs.

(e) Let a, be the number of different quaternary (i.e., {0, 1, 2, 3}) sequences of length » that
have an even number of 1°s, where n> 2. Then, a,=2a,_, +4".
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(In the following, G=(V, E) is a simple, undirected, and weighted graph, where
V={v1, vs, ..., v,}. Also, let d; be the degree of v;, where 1 <i<n.)

n
(a) de is even.
i=1
(b) The connected components of G can be determined, as a consequence of executing a
breadth-first search on G.
(c) A spanning tree of G can result, as a consequence of executing a breadth-first search on G.
(d) If all edge costs of G are distinct, then G has a unique minimum spanning tree.
(e) Aclique of G is a complete subgraph of G.

15 Let G=(¥, E) be a simple undirected graph and & be the minimum vertex degree of G, where
[¥123 and &= |F)/2 are assumed. The following is a proof of G having a Hamiltonian cycle.

Suppose to the contrary that G contains no Hamiltonian cycle. Further, we assume,
without loss of generality, that G is a maximal nonhamiltonian simple graph.
Let (u, v) ¢ E. So, G+ (u, v), the resulting graph by augmenting G with (u, v), has a
Hamiltonian cycle, denoted by (u=)vi, 1, ..., Vi (=v).
Set §={v;| (u, vis1) € Eand 1 <is|V]-1}and T'= {v;|(vy v) e Eand 1 <i|V]-13.
Then, |SU T1<|V| and |S N 7]=0, which implies d, +d, = |S|+|T]=|S U N+ISn1N<|
(du and d, are the degrees of u and v, respectively), a contradiction to 8> [Py,

(a) Why [SUTI<(71? (5%)

(b) Why |SA 7]=07 (5%)
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