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1. (8%) We are given a discrete-time system whose input x[n] and output y{n] are related through
the following difference equation:

y[n] = 3 (x[n] + x[n - 1]).

Determine the phase response ®(w) of this system.

W-3-® -7 ©O0-®7 ®F

2. (8%) Consider the signal:

Q, otherwise °’
where a is real and |a] < oo, and N is a finite positive integer. Which of the following statement
regarding the region of convergence (ROC) of its z-transform is true?

(A) The ROC is the entire z-plane except for z = 0; | ;

(B) The ROC is the entire z-plane except for z =007 = = 7
(C) The ROC extends inwards from the innermost non-zero pole m X(z) to z =0;
(D) The ROC extends outwards from the outermost finite pole in X(z) to z = oo,
(E) Unable to decide; need information about the actual value of either a or N.

3. (8%) We can reduce the sampling rate of a sequence by a factor of M by downsampling;

x4[n] = x[nM].

What is the frequency-domain relationship between the original signal x[n] and the downsampled .
one x4[n]?

(A) Xq(e7®) = X(eioM),

(B) Xd(ef“’) = X(e)“’/M),

(C) X (/) = %Zf—i X (el (wm=zmkn)y.

(D) X (e/®) = %Zﬁ;ol X(e j(OJ/M—Z'n:k/M));

(E) Unable to decide; need information about the actual value of M to see if aliasing would occur.

4. (8%) A discrete-time all pass filter has a magnitude response that is unity for all frequencies, i.e,

|[H(e#®)| = 1, for all . We are given below the system function of five systems. Which one would
correspond to an all pass filter that is stable?

= (ZZ29E-3)
(&) HE@) = pyarey
(B) H(z) =

{z—2)(z—3) .
(z+1/2)(z+1/3)’

_ (2=2)(2+1/3)

©) H(2) = 1/
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H(z) = 4 —4+
(D) H) (z—5—3NE—5+5))
(E) None of the above.

>
3. (3%) We are given afilter y(t) = {x(ta, igg z g Which of the following statement is true?
(A) It’s linear (L) and time-invariant (TT);
(B) It’s nonlinear (NL) and time-invariant (TI);
(C) It’s linear (L) and time-varying (TV);
(D) It’s nonlinear (NL) and time-varying (TV).

6. (3%) We are given afilter y(t) = x(t} # s(t) » s(t ~ T/2), where s(t) = I}2 . 8(t —nT) isan
impulse train with period 7, and the operator “** denotes convolution. Which of the following
statement is true? '
(A) It’s linear (L) and time-invariant (TT);

(B) It’s nonlinear (NL) and time-invariant (TI);
(C) It’s linear (L) and time-varying (TVY;
(D) It’s nonlinear (NL} and time-varying (TV).

7. (4%) We are given a filter y(t) = x(t)s(t), which represents the element-wise multiplication of the
input x(t) and the impulse train s(t) defined above. Which of the following statement is true?
(A) It’s linear (L) and time-invariant (TI);

(B) It’s nonlinear (NL) and time-invariant (TI);
(C) It’s linear (L) and time-varying (TV),
{D) It’s nonlinear {NL) and time-varying (TV).

8. (8%) The figure below shows a trivial quadrature mirror filier (QMF) bank separating even-indexed
and odd-indexed samples x[2m] and x[2m ~ 1] into two channels and then recombined to form
x[n]. The downsamplers, denoted by ! 2, decrease the sampling rate by a factor of two in each
channel by dropping every other sample, ie., vy[m]=x[2m]. The corresponding upsamplers,
denoted by T 2, increase the sampling rate by a factor of two, on the other and, by inserting a sample

of zero value between each pair of input samples, i.e., wy[n] = [v1 gn/ 2];1 thlegen What is the -
relationship between the z-transform of x[n] and w,[n]?
(A) Wi(z) = X(z™%);
(B) Wa(2) =z7"X(2);
(€) Wa(2) = 5 (X(2) + X(—2));
(D) Wa(2) = 3 (X(2) — X(-2));
(B) Wy(2) =327 (X(2) + X(—2))
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Part 2 : Please simplify your answers as much as possible and write
down detailed steps

(9) Three equal-probability messages with indexes j are mapped into symbol wave-
forms as

F—ﬁsinc(t} + %st}nc(Bt) ifj=1
w(t,j) =4 (£~ ) sinc(t) — 22sinc(3t) ifj =2

3? + 32@ sine(t) ~ %@sinc@t) ifj=3

(a) (6%) Normalize the symbol waveform wu(t, 1).
(b) (6%) If we cdenote your answer in (a) as ¢;(t), please find the projection of u(t, 2)
on $1(?).
(c) (9%) Find a set of orthonormal bases and the corresponding coordinates of three
(¢, 7).
(10) Consider a binary erasute channel (BEC) with transition probability W (ylz),
where the channel output y equals to the binary input 2 with W(z|z) =1—e¢or an
erasire %,0 < e < 1.
(a) (4%) We use @ to denote the binary addition or the XOR operation. Now we
have two bits u;, 4 and by encoding them as 1 = u; © ug, T2 = up and pass (z,, 22)
to i.i.d. BECs to get {71,%2). & two-input two-output vector channel with transition
probability -

- Waly, value, u2) = Wiyluy @ ua) W (yaluz).
is formed. Please find Wy(*,0]1,0) and Wa(*,1|1,0). ' '
(b) (5%) Based on channel W, we form a channel Wg(” (@1ly1, y2) and please find the
minimum error probability Pr(fly # u|u;, uz) from all possible wiY.
(¢) (6%) As (b), now we form another channel H’z(z)(ﬁzly; , Y2, 141) and please find the
minimum error probability Pr(fiz # usju;,ue) from all possible Wi
(d) (%) Express your answers in (b) and (¢) by functions of € as f*!(¢) and f*)(¢)
respectively. Now construct a discrete time random process Hp,n = 1,2, .- as follows

Ho\y = FO(H,) with 1/2 probability
LT FO(H,) otherwise.

where Hj is fixed and equal to €& Show that the conditional mean E[H 1|}, ..., Hy) =
H,.

(e) {10%) Assume when n — 00, Hy, is finite. Find all possible values of H,, with
explanation.
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