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(1) (20%) Let G be the group (z,y: 2¢ =y = 1, yzy = z3).
(a) List all different subgroups of G.
(b) Which of them are normal subgroups?
(c) Which pairs of them are isomorphic?

(2) (16%) (a) Let (G,-) be a group and H be a finite subset of G which is closed
under the multiplication - . Show that H is a subgroup of G.

(b) Let R be a finite ring with identity in which every nonzero element a is
cancellable(for any b,¢, ab=ac = b=cand ba = ca = b = ¢). Show that R is a
division ring.

(3) (12%) Let m and n be positive integers. Determine Hom(Z™, Z™), the set of all
ring homomorphisms of the ring Z™ into the ring Z™. Prove your answer.

(4) (12%) Let P be the set of all prime numbers and A be the product ring of the

fields Z/pZ, p € P. Let I be the ideal of A consisting of the elements (ap)per such

that a, # 0 only for finite number of indices p. Let B = A /I. Show that, for every

positive integer n and every b # 0 in B, there exists .a unique element b’ of B such
that nd’ = b.

(5) (16%) Let R[z] be the polynomial ring over a commutative ring R. Show that
a polynomial ag + a1z + agx? + -+ - + a,x™ is invertible in Rlz] if and only if ag is
invertible in R and aq,as,...,a, are nilpotent elements in R.

(6) (12%) Let F be a field of characteristic p # 0, and K be an extension of F.
Let T={a€ K :aP" € F for some n}, show that any automorphism of K leaving

every element of F' fixed also leaves every element of T fixed.

(7) (12%) If a field F contains a primitive n-th root of unity, show that the Galois
group of ™ — a, for a € F, is abelian.
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