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1. The motion of a pendulum subjected to forced oscillation is governed by the differential equation
. . 2

mL%—f{ = —mgsint? + Ad(t)cosd
where 6 is the angle of inclination of the pendulum to the downward vertical at time ¢, &(¢) is the delta function.
(a) (10%) Seek the solution &(¢) suchthat §=n/6and d8/dt=0for r=0 inthe form of a series; &= cy e+
through terms of degree 4.
(b} (13%) For small values of &, write down the linearization of the equation with respect to & =0. Find a solution of this
equation by Fourier transforms.
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3 Let A be a square constant matrix, and A7 be the transpose of A .
{a) (5%) Show that A and AT have the same set of eigenvalues.

(b) (10%) Let x(r) =e™c and y(@)=e*d(with candd the constant vectors) be the solutions of the following systems of
ordinary differential equations,

- dx dy T
— () =Ax(1), =@ =-A"y({®),
dz() x(1) dt() ¥(®
respectively. Show that 4, g are eigenvalues of A,andif A# 4, wehave ¢’d=0.
{c) (6%) Use the Laplace transform to transform the following Initial Value Problem (IVP):
Z0=Axt), xO=x,

into an algebraic problem.
(d) (12%) Use the technique of Laplace transform to solve the foltowing TVP:

dx 21 1
71?“)2(—1 4)1:(:), x(D)=[_J.
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4. Consider the one-dimensional wave equation 5= c? —— inan infinite domain.
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(a) (7%) With the transformation v=x—cf andz = x+ct, show that the wave equation becomes =0, and
iz

thus the solution can be written as u(x,#) = ¢(x + ct) +y (x - ct) ,where ¢ and i are arbitrary functions.
{b) (10%) With initial conditions #(x,0)= f(x) and du/ot (x, 0) = g(x), show that the solution becomes

x—ct)+ fx+er) 1
u(x t) (€ ) 5 oA ) 2 [ g(s)ds, and give physical interpretation of the result.
C x—ct

5. (7%) A surface in space can be written as z = f(x, y) A curve on this surface can be written as x = p(f), y = g(2),
z=(p(1),q(1)), where t is a parameter. What are the tangent vector of the curve and the normal vector of the surface?

What is the projection of the tangent vector on a direction along the vector z + J where z and ] are unit vectors along .
the x and y coordinates.

6. (10%) Evaluate qf(x* — y*)dx + (x* + y*)dy if C s the square with vertices A(0,0), B(1,0), D(1,1), B(0,1).
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